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A B S T R A C T 

This article points out the benefits of employing a performance based analysis ap-
proach for ascertaining the likelihood that travelling fires in an office building could 

induce a localized failure that might trigger its collapse. The case study chosen is 

Building 7 of the World Trade Center complex. Based on the parametric study under-

taken, our findings were that the fire-protected steel floor beam, identified as the in-

itiator of the cascade of events that followed, could not have done so, virtually under 
any circumstance. 
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1. Introduction 

While the collapse of the WTC twin towers on 9/11 
received the lion’s share of publicity and, and rightly so, 
considering the thousands who lost their lives that day, 
the mystery of why the 47 storey steel framed building, 
WTC 7, that collapsed several hours later remains to this 
day a mystery in several respects. Indeed, the official Na-
tional Institute of Standards and Technology (NIST) re-
port on that collapse was finally made public some seven 
years later in August 2008 (NIST, 2008a). Despite a cou-
ple of fuel tanks in the lower part of the building, the fires 
that precipitated collapse were claimed to have been 
caused by incendiary debris that catapulted from a 
plummeting WTC 1, severing columns and breaking win-
dows on the south face of #7 during its collapse. These 
flaming remnants then caused combustible materials 
within office areas to burn and spread from area to area, 
weakening structural members and causing thermal ex-
pansion of an identified floor beam claimed to have dis-
lodged the end of a particular girder resulting in “walk-
off” its column support. The analysis by NIST purport-
edly then caused a locally unsupported column to 
buckle, precipitating an array of failures that very 

quickly cascaded into storey-by-storey collapses leading 
to global collapse of the entire structure.  

Without laying blame on anyone, NIST attempted, 
through its strong working relationship with ASCE, to 
propose recommendations meant to ameliorate per-
ceived weaknesses in building codes to avoid such trag-
edies from happening in future, with particular attention 
on ways to protect occupants and to preserve a struc-
ture’s integrity when severe fires occur. This initiative 
resulted in NIST setting out 30 recommendations (NIST, 
2008b) that ranged from developing “consensus stand-
ards and code provisions” to “academic, professional 
short-courses, and web-based training programs”. 

Since the collapse of WTC 7 represents the first time 
in history that a steel-framed building of significance 
succumbed to fire loadings alone, it has given rise to 
much discussion among those in structural engineering 
and architecture. A software package known as Fire Dy-
namics Simulator (FDS) was developed by NIST to incor-
porate the vast array of information that is needed to de-
sign or make predictions about an existing structure’s 
safety when subjected to extreme fire loading events. 
However in either case, there are circumstances for 
which less sophistication is appropriate. A simplified 
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fax:+1-905-529-9688
mailto:korol@mcmaster.ca
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performance-based design (PBD) fire analysis, based on 
the laws of thermodynamics and structural engineering 
principles, able to include several parameters, and which 
examines specific details of a design may require such an 
approach, consistent with the time-temperature models 
such as described by Petterson et al. (1976). In our view, 
such an approach is appropriate with the initiation of the 
collapse of Building 7, to be examined in this paper. 

 

2. Basic Principles for Passive Resistance to Fire Loads 

For many decades, structural engineers relied solely 
upon fire resistance ratings to ascertain the passive pro-
tection needed for a steel frame structure, however, 
since 9/11, an alternative method known as Perfor-
mance-Based Design (PBD) has evolved, with the objec-
tive being to enhance our understanding of fire events in 
buildings and to employ methods, as needed, to provide 
protection. Frater and Kleinfeldt (2001) provide very 
useful introductory material in this regard. Other im-
portant papers appear in the Journal of Fire Sciences, of 
which the recent forum article by Quintiere and Williams 
(2014) suggests that the FDS method employed by NIST 
is “weak” in support of its rationale for the collapse. 
However, before launching into our own PBD analysis in 
connection with Building 7’s collapse, a few basic princi-
ples and assumptions are presented as follows. 

2.1. Heat energy release rate 

When combustible materials burn in air, the heat re-
lease rate generated, QC , is expended both as that which 
causes a change in temperature in the gases themselves, 
known as sensible heat, QS , and radiant heat, QR , which 
directly causes heating of the adjacent surfaces that are 
exposed. As such, the heat generated from a prescribed 
amount of combustible material is given by Gray and 
Muller (1974) as:   

𝑄𝐶 = 𝑄𝑆+𝑄𝑅 . (1) 

For typical office fires, QS , the sensible heat term, is 
mostly dissipated by hot exhaust combustion gases that 
involve three parameters, one of which is the chemical 
reaction gas mass combustion rate mG , a parameter 
which brings into play the conversion of a combustible 
material into a variety of gases released in the process. 
The equation that is applicable is given by;   

𝑄𝑆 = 𝑚𝐺𝑐𝑝∆𝑇 , (2) 

where, cp is the heat capacity of the combustion gases at 
constant pressure, and T is the increase in the temper-
ature of the combustion gases due to the fires from an 
initial temperature Ti to a higher temperature TG. 

The quantity mG may be derived from a consideration 
of the combustible material consumption rate, modified 
by the addition of oxygen. Such materials generally con-
sist of wood products or one form or other of plastic 
compounds. A common type of the latter may be repre-
sented by polystyrene, while the former is generally 

chemically equivalent to cellulose. In the case of polysty-
rene, its complete combustion in an oxygen environment 
is governed by the chemical formula;   

[𝐶8𝐻8]𝑛 + 10𝑛[𝑂2] = 8𝑛[𝐶𝑂2] + 4𝑛[𝐻2𝑂] , (3a) 

where n denotes the number of moles associated with 
each compound, while the reaction of burning cellulose 
is governed by  

[𝐶6𝐻10𝑂5]𝑛 + 6𝑛[𝑂2] = 6𝑛[𝐶𝑂2] + 5𝑛[𝐻2𝑂] . (3b) 

The combustion of 1 kg of polystyrene therefore re-
quires 3 kg of oxygen (Eq. (3a)), while that for 1 kg of 
cellulose necessitates 1.19 kg of O2 (Eq. (3b)). 

However, since we are dealing with combustion reac-
tions in air, each mole of O2 supplied to the fire is accom-
panied by 3.76 moles of N2, thus resulting in a reaction 
involving 5.1 kg of air per kg of the wood equivalent (cel-
lulose). Since each kilogram of fuel adds 1 kg of mass to 
the reaction products, we have a total of 6.1 kg of com-
bustion gases released per kg of cellulose burned. In the 
case of polystyrene, a similar mass balance computation 
will show that 14 kg of air is required for each kg of the 
plastic equivalent material resulting in 15 kg of combus-
tion gases produced. Of course, we do not know the pre-
cise composition of the combustible materials in typical 
office building fires. Taking an average between the two 
materials considered, we may assume that the combus-
tion of one kilogram of a wide variety of fuels is accompa-
nied by a total release of about 10 kg of “exhaust” gases 
consisting of a mixture of CO2, H2O and N2. It is reasonable 
to assume that for typical combustion gas mixtures, an 
average value for cp of 1.2 kJ/kg°C is appropriate since 
the heat capacity for the above-mentioned gases is close 
to 1 kJ/kg°C, while that of water vapor is much higher at 
about 1.9 kJ/kg°C. It is important to mention that incom-
plete combustion may involve other gases that could be 
classified as toxic such as carbon monoxide and would 
therefore dissipate more heat than that which we have 
described above. Our primary objective, of course, is to 
utilize an expression for QR that will allow computation 
of the temperature of the steel floor beam alleged to have 
triggered collapse as a function of fire duration. 

2.2. Radiant heat release rate 

As noted in Eq. (1), QR can be determined once QC and 
QS have been identified. However, each of QR and QS de-
pends on the temperature of the gases emanating from 
the flames within the prescribed compartments that are 
producing hot fires. Assuming that the combustibles are 
located below the partition height of typical cubicles, i.e. 
about ½ the floor-to-ceiling height, it is reasonable to 
conceive of the flames, on average reached that level, as 
noted in Fig. 1(a). Noted also, is a conceptual steel beam 
at the ceiling level above the work station. To determine 
the temperature at the flame tip interface, TG, it is con-
venient to employ the Stefan-Boltzmann equation (Gray 
and Muller, 2008) that expresses the radiant heat release 
rate, QR, due to burning materials in a compartment fire, 
noted as:  
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𝑄𝑅 = 𝜖𝐴𝜎𝑇𝐺

4
 , (4) 

where ϵ is the emissivity of the gas, A is the surface area 
of hot gas to air interface (assumed at the top of a parti-
tion wall), σ is the Stefan-Boltzmann constant and TG is 
the absolute temperature of the hot gases in degrees Kel-
vin. Since TG–Ti is also equal to ∆T in Eq. (2), it follows 
that TG can be computed if the other parameters in Eqs. 
(1) and (4) are specified. It will be assumed that Ti is 
room temperature of 20°C, i.e. 293 K, with other values 
being: σ = 5.67x10–8 W/m2K4, ϵ = 0.7 (Gray and Muller, 
1974) while A is expressed in m2.  

Substituting the above into Eq. (1) results in the fol-
lowing quartic algebraic equation   

𝜖𝐴𝜎𝑇𝐺
4 +𝑚𝐺𝑐𝑝𝑇𝐺 = 𝑄𝐶 +𝑚𝐺𝑐𝑝𝑇𝑖  . (5) 

 

 
 
 

 

 

 

 

Fig. 1. Work area enclosure and surroundings (a) Con-
ceived fires and impacted local domain (b) Footprints of 

floor and heated ceiling areas. 

Once QC is selected, we can then solve for TG. In that 
regard, we need both an estimate of the heat capacity of 
the combustible materials in question, and an estimate 
of the mass consumption rate during typical office fires 
in order to compute TG. For the WTC fires, NIST esti-
mated a duration of 25 minutes as being a reasonable es-
timate for a burn rate period (NIST, 2008c). Fundamen-
tal to computing a maximum temperature for a particu-
lar structural member is an estimate of the fuel load that 
is either typical of office buildings, or which has been es-
tablished from earlier studies. Our focus is to employ the 
simple approach laid out through the set of equations 
quoted above to the floor beam that is claimed to have 
expanded sufficiently to cause column 79 at the 13th floor 

of WTC 7 to lose lateral support and hence trigger the 
collapse of the entire building. A sketch of the subject 
connection detail that is the focus of our case study is 
shown in Fig. 2 (Frankel Steel Limited, 1985a). 

 
Fig. 2. Plan view of member intersection at column 79 

(Data from Frankel Steel Limited, 1985b). 

If we adopt the NIST heat of combustion average 
value of 16 MJ/kg, a value that virtually coincides with 
that of Feasey and Buchanan (2002) and the 25 minute 
burn period noted above, 22.5 kg/m2 will generate a heat 
release rate, QC of 240 KW, the assumption being that the 
mass of combustible materials would diminish at a con-
stant rate of 0.015 kg/sec. This appears to be a reasona-
ble estimate, as the assumed amount of wood and plastic 
materials equivalent per m2 is often cited as 20 kg/m2 
(typical for office buildings). On the other hand, this esti-
mate, although reasonable for most office buildings, may 
not account for the unusual situation wherein excessively 
high fuel loading may result in some compartments ver-
sus that in others. Indeed, the NIST report indicates a load-
ing of 32 kg/m2 to be appropriate, a case to be examined, 
together with an even higher value of 45 kg/m2. This lat-
ter estimate is included to account for the case of travel-
ling fires, shown to augment the maximum temperature 
at a specific location by virtue of “far afield” fires 
(Jonsdottir et al., 2010). The heat release rates for these 
two fuel loadings are 341.3 and 480 KW respectively.  

For each fuel loading, we will undertake an array of 
analyses for a 16.2 m (53 foot) long W24x55 floor beam, 
an end shown in Fig. 2, is alleged to have triggered the 
cascade of failures and noted in Frankel Steel’s erection 

(a) 

(b) 
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drawing as K3004 (Frankel Steel Limited, 1985b). These 
will include unprotected steel cases, and three thick-
nesses of sprayed-on fire resisting material (SFRM), 13, 
20 and 40 mm, representing NIST’s estimate, an inter-
mediate value, and 2 hours of fire protection (Jonsdottir 
et al., 2010) respectively, when subjected to the standard 
fire curve. The aim of such protection is to limit the max-
imum steel temperature from exceeding the critical 
value of 620°C (893°Kelvin), deemed to weaken such a 
member to the point of failure (Jowsey and Scott, 2014). 

2.3. Combustion gas temperatures 

As noted earlier, the hot gas temperatures, generated 
at the interface of the zones above and below the cubicle 
partition level (Fig. 1(a)) can be determined by solving 
Eq. (5). The results obtained are as follows: 22.5 kg/m2 
gives TG = 1188°K; 32 kg/m2 gives TG = 1249°K, and 45 
kg/m2 results in a temperature of 1306°K, based on a 
constant heat release rate during a 25 minute period of 
combustion. 

 

3. Ceiling Room Temperatures 

The science of gas dynamics, fluid motion and heat 
transfer mechanisms indeed constitute a complex sub-
ject as they relate to burning fires in any environment. In 
the case of square-shaped cubicle-style compartments, 
we will assume that the heat generated from burning 
combustibles disperses outwards above such office en-
closures at 45 degrees as noted in Fig. 1, with the result 
that the heat affected ceiling zone, Ac is 3.5 times the 
floor area, Af, assumed to be square and of size H by H. 
This value is based on a ½ partition to ceiling height ra-
tio, with triangles connecting the off-set rectangles at the 
corners of a rectangular office layout as noted in the fig-
ure. We further assume that the heat generated at the 
flame interface, Af, is then uniformly spread out over that 
cubicle’s heat affected ceiling area, Ac. 

However, if several work stations are placed back-to-
back, the ceiling area footprint, Ac, is reduced relative to 
Af due to fanned overlapping of impacted ceiling areas. 
So, for example, an array of three aligned cubicles results 
in Ac/Af = 2.67, while for five, the value is 2.4. In the case 
of WTC 7, it seems reasonable to assume that material in 
3 work stations, aligned with the floor beam K3004 
might have been burning intensely simultaneously. If we 
assume, therefore, that the radiated heat, QR, is fully ab-
sorbed by the ceiling, its temperature, TC, based on Eq. 
(4) is then computed as TG/[4√(Ac/Af)] = TG/1.278. So, for 
the three fuel loadings noted above, the 22.5 kg/m2 case 
results in a ceiling temperature, TC, of 930°K, the 32 
kg/m2 case gives a value of 977°K, while 45 kg/m2 has a 
computed value of 1022°K. These computed tempera-
tures provide an estimate of the temperatures that the 
structural members would experience for fires generat-
ing a constant heat release rate over a period of 25 
minutes, after which burn out is presumed in a pre-
scribed location. The steps to follow are the computation 
of steel temperatures of K3004 over time, followed by a 
determination of that member’s elongation at the end of 
the burn period.  

4. Unprotected Steel 

In the case of heating of unprotected steel members, 
the following incremental equation is applicable 
(Jonsdottir et al., 2010):   

∆𝑇𝑆 =
𝐹

𝑉

∆𝑇

𝜌𝑆𝑐𝑆
{ℎ𝑐(𝑇𝐶 − 𝑇𝑆) + 𝜎𝜖(𝑇𝐶

4 − 𝑇𝑆
4} , (6) 

in which TS represents the steel’s temperature at time t 
due to a fire, the temperature of which at the level of the 
ceiling is TC, while the other quantities are defined as: 

F/V, the member’s section factor, computed for top 
flange embedment in floor slab concrete = 103 m-1 (W 
24x 55 floor beam) represents an average mid-depth of 
the member, while ρS is the density of steel (7820 
kg/m3), cS is its specific heat (460 J/kg K, where K being 
temperature in Kelvin), while hC is the convective heat 
transfer coefficient (7 W/m2 K (Oetelaar and Johnston, 
2012)). The factors σ and ϵ are the Stefan-Boltzmann and 
emissivity constants respectively, having values of 
5.67x10-8 W/m2 K4 and 0.7, noted earlier. In calculations 
to follow, hC(𝑇𝐶–𝑇𝑆) was much smaller than the σϵ (𝑇𝐶

4–
𝑇𝑆
4 ) term, but was included nonetheless for complete-

ness. 

4.1. Fuel loading = 22.5 kg/m2 

This is the fuel loading case which most closely ad-
heres to standards of combustible materials in office 
building compartments. Since the ceiling gas tempera-
ture was estimated to be 930°K, a time step of 1 minute 
(60 sec), following commencement of the fire, results in 
∆TS1 to compute as 58.2 degrees (K or C). The steel tem-
perature at the beginning of the next one minute step is 
therefore 351.2°K and results in ∆TS2 calculated to be 
56.9°K. Finally, at the end of the fire period, ∆TS25 com-
putes as 2.1°K, with the last time step of 60 sec. resulting 
in a final steel temperature of 925°K, or very near to the 
temperature of the ceiling gases. A plot of the steel tem-
perature-time curve is shown in Fig. 3, and represents 
the lowest one (22.5 kg/m2).  

4.2. Fuel loading = 32 kg/m2 

This is the case that NIST deemed to be the basis for 
their fire dynamics simulator (FDS) program. Since the 
burn time remains the same as in the previous case, i.e. 
25 minutes, a higher ceiling exposure temperature was 
expected, and computed to be 977°K. A similar pattern 
of temperature steps resulted from calculations, with TS 
computed to be 975.9°K. Its values are plotted in the fig-
ure as curve 32 kg/m2. 

4.3. Fuel loading = 45 kg/m2 

We recognize that there are unusual circumstances in 
which moveable materials may be temporarily stored in 
certain areas of a building during renovations, repairs or 
for operational reasons and hence we doubled 22.5 kg 
scenario’s value for such a possibility. In this case, TC = 
1022°K, with the maximum steel temperature reaching 
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1020°K. The uppermost curve in Fig. 3 shows a plot of 
this case. The final steel temperature for all three scenar-
ios, i.e. between 650 and 750°C, exceeds the critical tem-
perature of 620°C. As such, the computed carrying ca-
pacity of a given unprotected steel member would be 

exceeded and would likely cause a floor beam or girder 
to fail. A weakness in a connection detail, i.e. the way in 
which a member is joined to another, is oftentimes the 
reason for a localized failure and will be addressed sub-
sequently.

 

Fig. 3. Unprotected steel for a 25 minute fire.

5. Protected Steel 

To protect steel framed buildings and their occupants 
from the devastating effects of a major fire, the standard 
procedure for design is to provide fire proofing material 
in accordance with prescriptive code requirements. Such 
protection was apparently applied to all structural mem-
bers in WTC 7 and as such, the heating of the earlier iden-
tified floor beam is analyzed employing three thicknesses 
of SFRM (Sprayed-on Fire Resisting Material). For steel 
members that are provided with fire protection, the gov-
erning equation as noted by Jonsdottir et al. (2010) is:   

∆𝑇𝑠 =
𝐹

𝑉𝑑𝑖
∆𝑡𝑘𝑖(𝑇𝐶 − 𝑇𝑆)/{𝜌𝑆𝑐𝑆 + 𝑑𝑖𝜌𝑖𝑐𝑖𝐹/2𝑉} , (7) 

where ki is the thermal conductivity of the insulation, di 

its thickness, ρi the density, and ci its specific heat. Ap-
propriate values for low density spray type fire proofing 
as noted in the Steel Design Guide of AISC (Ruddy et al., 
2002), were adopted in our computations as, ki = 0.135 
W/(m°K), ρi = 293 kg/m3, and ci = 754 J/(kg°K), while 
thicknesses offering a reasonable range of estimates are 
noted as, di = 13, 20 and 40 mm, respectively. As noted 
for the unprotected steel cases, those scenarios pertain-
ing to protected steel assumed a constant high intensity 
25 minute burn period. Note that the same step-by-step 
procedure noted for the unprotected steel scenarios was 
utilized for the same fuel load cases noted in the previ-
ous section. Fig. 4 shows the plotted temperature-time 
results for the three fuel loading and three insulation 
thickness cases noted above while Table 1 summarizes 
the peak temperature values of the floor beam after a 25 
minute burn period.  

5.1. Fuel loading = 22.5 kg/m2, TC = 930°K 

In the case of the 13 mm SFRM scenario, it was found 
from Eq. (7) that the steel temperature, TS25 was 518°K 
after 25 minutes of a constant heat release rate from 

burning combustibles of 240 KW/m2. When 20 mm of 
SFRM is employed, the steel temperature TS25 is reduced 
to 447°K, while the 40 mm thickness case was only 
370°K. This latter circumstance appears to be consistent 
with the prescriptive standard for floor assemblies at the 
time that WTC 7 was constructed, i.e. at least a 2 hour fire 
rating (Jonsdottir et al., 2010). Clearly, such a tempera-
ture (97°C) would not pose a threat to a floor beam’s 
ability to carry design dead and live loadings. 

5.2. Fuel loading = 32 kg/m2, TC = 977°K 

These cases appear to correspond to the fuel loading 
and burn time duration assumptions made in the NIST 
report (NIST, 2012). When 13 mm of SFRM is employed, 
the floor beam’s average temperature gradually rises as 
shown in Fig. 4(b), reaching a maximum value of 535°K 
at the end of the 25 minute period. Increasing the pro-
tection to a thickness of 20 mm reduced the maximum 
temperature to 458°K while a value di = 40 mm lowered 
TS25 even further, i.e. down to 376°K. As noted, this case, 
and the other two noted in the sub-title are associated 
with a ceiling gas temperature of 977°K. The lowermost 
curve represents a most likely scenario, based on NIST 
information, assuming, of course, that the contractors 
and inspectors fulfilled their respective obligations dur-
ing construction of the building.  

5.3. Fuel loading = 45 kg/m2, TC = 1022°K 

As noted earlier, the cases that follow under this head-
ing are very extreme in the nature of combustible load-
ings, and would only be plausible in the most extraordi-
nary circumstances. For the case of 13 mm SFRM, it turns 
out that the steel floor beam would have experienced a 
maximum temperature of 551°K.  

By increasing the thickness of SFRM to 20 and 40 mm 
respectively, the time-temperature calculations indicate 
maximum values of TS = TS25 = 469 and 381°K respec-
tively. 
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Fig. 4. SFRM protected steel (25 minute fire) - Results corresponding to TC = 977°K.

Table 1. 25 minute burn period (protected steel). 

Fuel Load 22.5 kg/m2 32 kg/m2 45 kg/m2 

TG  °K 1188 1249 1306 

TC °K 930 977 1022 

di (mm) 13 20 40 13 20 40 13 20 40 

TS25 °K 518 447 370 535 458 376 551 469 381 

A summary of the key information associated with the 
above analyses is presented in Table 1. Note an interest-
ing observation with respect to the degree of insensitiv-
ity existing among all cases having a prescribed thick-
ness of protection to the fuel loading parameter. For ex-
ample, doubling the fuel load from 22.5 to 45 kg/m2 for 
the 13 mm case, increases the temperature of the floor 

beam by only 33°K, with an even more modest difference 
of 11°K obtained for 40 mm of insulation. If we make a 
supposition that NIST’s estimate of the fire duration of 
25 minutes might actually have been on the low side, 
what increase or decrease would be expected in steel 
temperatures for the previous cases described above for 
the same fuel loadings? After all, the duration time was 
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based on outside- the- building viewing, and hence it’s of 
interest to postulate the possibility that travelling fires 
may have resided in one area for 30 minutes rather than 
25. Doing such an analysis is very simple if one employs 
a PBD analysis approach, rather than NIST’s FDS method 
which is costly and time-consuming. 

 

6. Sensitivity of Steel Temperatures to Fire 
Duration Time 

For a given amount of combustible materials, there is 
a fixed amount of heat energy available for release to the 
environment. Since the heat release rate of combustible 
materials is dependent on several factors, such as, the 
ventilation factor, material composition, moisture con-
tent, and the average heat of combustion etc., it’s of in-
terest to investigate the effect of increasing the burn 
time while maintaining the fuel combustion capacity at 
16 MJ/kg. Indeed, NIST was uncertain about the time of 
intense burning and mentions in their report (NIST, 
2008a) an estimated burn period of 20 to 30 minutes. An 
increase from 25 to 30 minutes will therefore result in a 
reduced heat release rate which is proportional to the 
burn time period.  

Repeating the calculations, then, for a 30 minute pe-
riod results in somewhat lower values of interface of 
flame-to-air layer temperatures, TG, and hence corre-
spondingly reduced values of ceiling gas temperatures, 
TC. For example, QC reduces from 240 KJ/sec to 200 
KJ/sec, with the consequence that TG in Eq. (5) reduces 
from 1188°K to 1155°K for the 22.5 kg/m2 cases. Similar 
reductions occur for the 32 and 45 kg/m2 scenarios. Sub-
sequent TC  values have proportional reductions since 
the ceiling to floor area factor (8/3)0.25 is the same for all 
cases.  

Fig. 5 presents plots of time-steel temperature curves 
for identical cases utilized in Fig. 4. As such, the curves 
look very similar with final temperatures being at the 
maximum values at the end of the burn period, in this 
case, 30 minutes. A summary of the same data shown in 
Table 1 is given in Table 2 for the 30 minute scenarios. 
Note that all final temperatures are slightly higher than 
their counterparts in Table 1, indicating that duration 
time weighs more heavily than does gas temperature. 
We do not claim that this trend would extend out to an 

infinite burn time, of course, since such a scenario would 
result in gas temperatures that would hardly exceed the 
ambient air temperature Ti. 

 

7. Consequences of Steel Floor Beam Heating 

Any of the scenarios above would have been theoret-
ically possible, but many are highly unlikely. Those cases 
in which the steel is totally unprotected are meant to 
highlight the benefits achieved in providing insulating 
material that meets fire rating requirements. Since ten-
ants in office buildings are generally free to utilize space 
in an unrestricted manner, it seems prudent to over-es-
timate, rather than to under-estimate fuel loads in fire 
engineering design. The 22.5 kg/m2 fuel load is close to 
the norm in office buildings, the 32 value was judged by 
NIST to be more appropriate, and the 45 kg/m2 value is 
clearly on the high side of what one would expect from 
the type of business and confidentiality attributes that 
are pertinent to tenancies involving finance and business, 
in general. In the case described, it is the 12th storey of 
WTC 7, i.e. beam K3004 on the 13th floor that was at issue. 

It is well known that temperatures of structural steel 
in excess of about 893°K (620°C) will reduce member 
strength to a level below that which will support in-ser-
vice loads. Hence, for the unprotected steel scenarios, 
Fig. 3 provides us with some insight into the times at 
which a hot fire consuming combustible materials would 
potentially result in failures. We noted earlier that such 
rates varied from a minimum of 0.015 kg/sec (22.5 
kg/m2), to the maximum value of 0.03 kg/sec (45 kg/m2). 

As observed from the figure, a potential failure state 
could be predicted after 18 minutes for the least amount 
of combustibles considered, 13 minutes for the middle 
case (32 kg/m2), and 10 minutes for the 45 kg/m2 case 
(uppermost curve). Since the fires were presumed to last 
for 25 minutes, we may conclude that floor beam K3004 
would have failed. However, we have confidence that 
SFRM was applied properly, with adequate thicknesses, 
either for a 2 hour fire rating, or at least a one hour. The 
question therefore is the extent to which elongation of 
the noted floor beam occurred, and thence whether such 
expansion could have triggered a cascading sequence of 
failures that resulted in the entire building’s demise. This 
matter is explored in the next section.

Table 2. 30 minute burn period (protected steel). 

Fuel Load 22.5 kg/m2 32 kg/m2 45 kg/m2 

TG  °K 1155 1217 1275 

TC °K 904 952 998 

di (mm) 13 20 40 13 20 40 13 20 40 

TS25 °K 542 465 381 561 479 388 580 492 394 
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Fig. 5. SFRM protected steel (30 minute fire) - Results corresponding to TC = 952°K.

8. Protected Steel Floor Beam Elongation 

Fig. 4 shows plots of computed steel temperature 
curves for fire exposure times ranging over the full 25 
minute period. As expected, the steel temperature is 
highest when the fuel load is at 45 kg/m2, and the SFRM 
is 13 mm in thickness. However, at 25 minutes, we only 
obtain a temperature of 551°K (278°C) for this case, 
which is well below the critical strength value. When we 
examine the results for a 30 minute fire, the maximum 
temperature is 580°K for 13 mm of SFRM. Again, the is-
sue of strength is not in question, but it does raise the 
issue of what thermal elongation would one obtain is 
such a scenario?  

If a structural member is free to elongate as a conse-
quence of a temperature increase, its elongation is simply 
the product of αT, the coefficient of linear expansion with 
the associated length and change in temperature. In the 

case of the floor beam designated as K3004 in Frankel 
Steel’s set of drawings, it was connected to girder A2001 
(Fig. 2) that is alleged to have fallen off its shelf bearing 
plate support on column 79. The length of the floor beam 
was noted as being 53 feet (16.2 m). Roaming fires are 
unlikely to have the same intensity of temperature over 
that full length, but perhaps a half-length of 8.1 m would 
be a reasonable estimate. Assuming that displacement 
was essentially prevented at the perimeter column end 
yet unrestrained to move longitudinally at the girder 
end, the displacement would be 13.0 x 10-6 x 8.1 x ∆T °C 
(expressed in meters). For the case noted here for the 30 
minute fire, and a 45 kg/m2 fuel load  ∆T = (580 – 293) °C 
= 287°C, and so the floor beam elongation computes as 
30.2 mm (1.19 in). By taking the unrealistic circum-
stance that the fire caused the entire length of the beam 
to reach 580°K (307°C) results in the elongation being 
60.4 mm (2.38”), a displacement << 152.4 mm (6”), i.e. 
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the half width of the bearing plate shelf angle support. 
Clearly, the lateral displacement of girder A2001 then 
would not have been in jeopardy since walk-off would 
require the web of the girder reaching beyond the bear-
ing plate’s edge (Fig. 2). Indeed, if one computes the elon-
gation value of the one end free (col.79) and the other 
fully restrained, and employs the temperature increase 
suggested by NIST of 400°C over the full length, an unre-
strained elongation of 84 mm (3.3 in) results, which is 
again much less that the walk-off lateral displacement of 
the girder. 

 

9. Discussion 

The assumptions noted above, pertaining to the walk-
off displacement of girder A2001, presupposed that it 
was free to displace laterally on its bearing seat support.  
In fact, displacements noted above, would have been fur-
ther reduced by virtue of the composite action of the 
girder with the floor slab that involved ¾” shear studs, 
spaced 18” along its length, as noted by Salvarinas 
(1986).  It is well known by professional engineers who 
are involved in composite construction that shear studs 
rarely “shear off” when horizontal shear forces are acti-
vated by external loadings.  They resist such forces by 
bending during conditions in which relative differences 
in horizontal displacements between a steel member 
and a concrete slab takes place, and as such are able to 
utilize their axial ultimate resistances. A similar situation 
exists for the floor beams.  If a floor system employs com-
posite construction, all major structural members in 
contact with a given floor slab will be connected with 
shear studs.  If, as NIST indicated, such connectors were 
missing in girder A2001, such an omission might have 
been construed as a serious flaw in inspection. On the 
other hand, our calculations suggest that it matters not 
whether shear studs were or were not present – there 
would not have been walk-off in either instance.  

For the girder A2001 to column 79 connection to even 
be a point of issue with respect to triggering collapse of 
WTC 7, it raises the question of whether such a detail is 
desirable or not.  Fastening the girder by two bolts on its 
bottom flange to a welded seat support, seems to be in-
appropriate when large differential displacements are 
possible.  It would appear to be more prudent to use a 
bearing seat support for erection purposes only, and em-
ploy double girder web angles, or equivalent, to secure 
that member to the column.  Perhaps NIST might wish to 
recommend to steel structural code committees that for 
unusual forms of member layouts for floors (as was the 
case with WTC 7) a more robust form of connecting steel 
members to one another may be justified.  

 

10. Conclusions 

By applying the principles inherent in performance-
based design to a localized area of a structure deemed to 
have been the trigger that resulted in cascading failures 
and thence collapse of a building (WTC 7), our investiga-
tion was meant to confirm or deny such a conclusion 

reached by NIST based on their costly and time-consum-
ing Fire Dynamics Simulator software package.  By em-
ploying basic thermodynamic principles, equations ap-
propriate to heat flow, together with the combustion 
properties of materials of wood and plastic-based fuel 
sources, and normal structural and fire resisting mate-
rial properties, we came to the opposite conclusion to 
that of NIST, namely that, regardless of fuel loading cho-
sen, or which of three thicknesses of SFRM selected, fires 
alone could not have caused the commencement of the 
collapse of Building 7 at the location cited. 

To arrive at such a conclusion, we made the key as-
sumption, not challenged by NIST, that SFRM was em-
ployed and was intact during the fire event on 9/11. We 
also made the assumption that the heat release rates of 
fires were intense and constant for duration times of 25 
or 30 minutes and impinged structural surfaces in the 
form of radiation and circulating hot gases with a con-
stant temperature determined by the fuel load assumed 
and the distance of the ceiling above any given cubicle’s 
partition height.  At the end of the burn period, we con-
cluded that floor beam K3004, located on the 13th floor, 
and which was exposed to hot flames in the 12 storey, 
either over its half length or even its full length, could not 
have elongated enough to cause a crucial walk-off of its 
adjoining girder.  This conclusion is valid, whether or not 
shear connectors were present or not.  
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A B S T R A C T 

This study presents dynamic analysis of pre-stressed elastic beams under the action 
of moving mass loads by using Bernoulli-Euler, Rayleigh, and shear beam models. It 

is assumed the mass moves with a constant speed and is in continuous contact with 

the beam during its motion. Discrete equations of motion with time-dependent coef-

ficients are obtained by using the assumed mode method for each beam models con-

sidered. Numerical calculations are made by Newmark method to obtain dynamic re-

sponse of the beam. Effects of the pre-stressing force, rotatory inertia and transverse 
shear on the results for the dynamic deflection and bending moment of the beam and 

the interaction force between the mass and the beam are studied by depending on 

mass weight and speed of the moving mass. 
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1. Introduction 

Dynamics of beam structures under the action of mov-
ing loads and moving masses has been extensively stud-
ied for over a century in relation to the design of railroad 
tracks and bridges, and also machining processes. It is 
well known the inertia effects of a moving load cannot be 
ignored in the analysis when the mass weight of the mov-
ing load is large compared to the mass of the beam even 
if the speed of the moving mass is relatively small 
(Sadiku and Leipholz, 1987; Lee, 1996). Jeffcott (1929) 
was the first to consider inertial effects of both the mov-
ing load and the beam by the method of successive ap-
proximations. Frýba (1972) presented a comprehensive 
literature survey which contains analytical solutions to a 
large number of problems on the dynamic analysis of sol-
ids and structures under moving loads. 

On the basis of the Bernoulli-Euler beam theory, Ting 
et al. (1974), Sadiku and Leipholz (1987), and Foda and 
Abduljabbar (1998) dealt with the moving mass prob-
lem of elastic beams by the use of Green’s function. 
Stanišić (1985) derived an exact, closed form solution 
for a simple beam carrying a single moving mass by 
means of expansion of the eigenfunctions in a series. 

Akin and Mofid (1989) presented an analytical-numeri-
cal method to determine the dynamic behavior of beams 
with different boundary conditions carrying a moving 
mass. Assuming the solution in the form of a series in 
terms of eigenfunctions of the beam, they transformed 
the governing differential equation into a series of cou-
pled ordinary differential equations. Esmailzadeh and 
Ghorashi (1995) studied the dynamic response of simply 
supported beams to uniform partially distributed mov-
ing masses. They found that increase in the load length 
makes more important the inertial effects of the moving 
mass. Michaltsos et al. (1996) considered the dynamic 
response of a simply supported beam under a moving 
mass with constant magnitude and speed. Using a series 
solution for the dynamic deflection of the beam in terms 
of normal modes, effects of the mass weight and speed of 
the moving load and other parameters were fully as-
sessed. A new solution technique so-called discrete ele-
ment method was proposed by Mofid and his co-workers 
for the moving mass problem of simple beams. They ap-
plied this method to Bernoulli-Euler beams with differ-
ent boundary conditions under moving mass loads 
(Mofid and Akin, 1996; Mofid and Shadnam, 2000). Lee 
(1996) gave solution to the moving mass problem of an 
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elastic beam. He formulated the equation of motion in 
matrix form by using the Lagrangian approach and the 
assumed mode method. According to his study, there is 
a possibility of the loss of contact between the mass and 
the beam during the course of the motion. Another study 
pointing out separation between the mass and the beam 
was carried out by Lee (1998). He investigated the onset 
of the separation between the mass and the beam, and 
took into account its effect in calculating the interaction 
forces and the dynamic response of the beam. A tech-
nique using combined finite element and analytical 
methods for determining the dynamic responses of 
structures to moving loads was presented by Wu et al. 
(2001). Bilello et al. (2004) gave an experimental inves-
tigation of a simple beam under a moving mass. They 
designated a small-scale model to satisfy both static and 
dynamic similitude with a selected prototype bridge 
structure. More recently, Bowe and Mullarkey (2008) 
used a modal and finite element model to solve the prob-
lem of moving unsprung mass traversing a beam with dif-
ferent boundary conditions. They highlighted the drastic 
effects of omitting the convective acceleration terms from 
the formulation of unsprung moving mass problem.      

On the basis of Timoshenko beam theory, Mackertich 
(1992) considered dynamic response of a simply sup-
ported beam excited by a moving mass. He reported that 
the effect of shear deformation and rotatory inertia are 
significant in determining the dynamic response of a 
beam subjected to a high-speed moving mass. The anal-
ysis of a Timoshenko beam under the action of moving 
mass was studied by Esmailzadeh and Ghorashi (1997). 
They solved the equations of motion by using a finite dif-
ference based algorithm. They investigated effects of 
shear deformation, rotatory inertia and the length of dis-
tributed load on the beam response. Yavari et al. (2002) 
analyzed the moving mass problem of Timoshenko beams 
using discrete element method. Lou et al. (2006) studied 
response of a Timoshenko beam to a moving mass by us-
ing the finite element method in which the inertial effects 
of the mass are incorporated into the finite element 
model. In a recent study, Kiani et al. (2009) presented a 
comprehensive assessment of design parameters such as 
dynamic deflection and bending moment of elastic beams 
subjected to a moving mass under different boundary 
conditions for Bernoulli-Euler, Timoshenko and higher-
order shear beam theories. They gave detailed results to 
clarify effects of important parameters such as beam 
slenderness and boundary conditions as well as the 
change in weight and velocity of the moving mass.  

Concrete bridges are common in the world and some 
of them were constructed by using pre-stressed concrete 
which works well for long-span bridges. Due to pre-ten-
sioning, tensile stresses appearing in the beam are re-
duced to desired degree or vanished completely. The 
physical effect of pre-stressing is to provide an addi-
tional compressive stress in structures to resist tensile 
stresses occurring due to external loads (Chan and Yung, 
2000). Although the effects of axial loading on the vibra-
tion characteristics of beams have been well investi-
gated, studies related to the forced vibrations of beams 
with axial loading under moving loads are fewer. Frýba 
(1972) studied the response of a Bernoulli-Euler beam 

subjected to an axial force and a moving load. He gave 
analytical solutions of two different problems: First is 
the moving concentrated force problem in which inertia 
effect of the mass is ignored, and the second is the mov-
ing continuous load problem in which inertia effect of 
the mass is considered. Forced vibration of a viscoelastic 
Bernoulli-Euler beam subjected to an eccentric compres-
sive force and a moving harmonic load was studied by 
Kocatürk and Şimşek (2006a), and was extended to the 
cases based on Timoshenko and higher-order beam the-
ories in their subsequent papers (Kocatürk and Şimşek, 
2006b; Şimşek and Kocatürk, 2007). In a recent study by 
Şimşek and Kocatürk (2009), dynamic analysis of an ec-
centrically pre-stressed damped beam under a moving 
harmonic concentrated force was studied by considering 
geometric nonlinearity. Kahya (2009) considered iner-
tial effect of the moving mass in analyzing dynamic be-
havior of a simply supported pre-stressed elastic beam. 
According to the studies mentioned above, pre-stressing 
force has remarkable effect on the beam response. How-
ever, to the author’s knowledge, inertial effects of mov-
ing loads on the dynamic response of beams with axial 
loading by also considering rotatory inertia and shear 
deformation have not been studied yet. 

This study presents dynamic analysis of a simply sup-
ported elastic beam subjected to an axial load and a mov-
ing mass. Using the assumed mode method, discrete 
equations of motion with time-dependent coefficients is 
derived in matrix form for Bernoulli-Euler, Rayleigh and 
shear beam models to investigate effects of rotatory in-
ertia and transverse shear on the beam response. The 
matrix equation of motion is solved numerically by using 
Newmark method. Effects of pre-stressing force, rota-
tory inertia and transverse shear on the dynamic deflec-
tion and bending moment of the beam and the interac-
tion force between the mass and the beam are studied by 
depending on weight and speed of the moving mass and 
the beam length.  
 

2. Definition of the Problem 

A simply supported elastic beam shown in Fig. 1 is 
subjected to an axial force N at its ends and a mass M 
moving with a constant velocity v from left to right along 
the beam. At the beginning of motion ( 0t ), the beam 
is at rest and it is assumed the moving mass keeps con-
tact with the beam during its motion. The pre-stressed 
tendon is assumed straight and unbonded with the con-
crete. For a pre-stressed structure with a straight ten-
don, the structure is under the effect of an axial force and 
a bending moment at its ends. Chan and Yung (2000) re-
ported that neglecting the moments due to pre-stressing 
in the governing equations is a reasonable approach. 
Therefore, only the axial pre-stressing force is consid-
ered in the governing equations of the system. 

 

3. Mathematical Formulations 

The dynamic behavior of the beam under the action of 
moving mass load is expressed by three different bam 
models: (a) Bernoulli-Euler beam model, (b) Rayleigh 
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beam model, and (c) Shear beam model. For each model, 
discrete governing equations of motion are derived by 
using the assumed mode method in subsequent sections.  

 
Fig. 1. Moving mass on a simply supported elastic beam 

with an axial load. 

3.1. Bernoulli-Euler beam formulation 

According to Bernoulli-Euler beam theory, governing 
differential equation of the beam shown in Fig. 1 can be 
written as follows.  

𝐸𝐼𝑦𝑖𝑣(𝑥, 𝑡) − 𝑁𝑦′′(𝑥, 𝑡) + 𝑐𝑦′(𝑥, 𝑡) + 𝑚𝑦̈(𝑥, 𝑡) = 𝑝(𝑥, 𝑡) , (1) 

where primes and dots represent derivatives with re-
spect to spatial coordinate x and time t, respectively. 
𝑦(𝑥, 𝑡) is the dynamic deflection, EI is the flexural rigid-
ity, c is the damping coefficient and m is mass per unit 
length of the beam. N is the axial force (pre-stressing 
force) at the ends of the beam and 𝑝(𝑥, 𝑡) is transverse 
external force which can be defined as  

𝑝(𝑥, 𝑡) = {𝑀𝑔 − 𝑀[𝑦̈(𝑥, 𝑡) + 2𝑣𝑦′̇ (𝑥, 𝑡) + 𝑣2𝑦′′ (𝑥, 𝑡)]}𝛿(𝑥, 𝑣𝑡) ,(2) 

where g is the gravitational acceleration and δ(… ) is the 
Dirac delta function.  

In order to solve the governing differential equation 
given in Eq. (1), the solution 𝑦(𝑥, 𝑡) can be assumed as  

𝑦(𝑥, 𝑡) = ∑ 𝜙𝑖
∞
𝑖=1 (𝑥)𝑞𝑖(𝑡) , (3) 

where 𝜙𝑖(𝑥) and 𝑞𝑖(𝑡) represent modal shape function 
and generalized coordinate at ith mode, respectively. 
Substituting Eq. (3) into Eq. (1) with considering Eq. (2) 
gives: 

∑ 𝐸𝐼∞
𝑖=1 𝜙𝑖

𝑖𝑣(𝑥)𝑞𝑖(𝑡) − ∑ 𝑁𝜙𝑖
′′(𝑥)𝑞𝑖

∞
𝑖=1 (𝑡) + ∑ 𝑐𝜙𝑖

∞
𝑖=1 (𝑥)𝑞̇𝑖(𝑡) + ∑ 𝑚𝜙𝑖(𝑥)𝑞̈𝑖

∞
𝑖=1 (𝑡) = (𝑀𝑔 − 𝑀 ∑ [𝜙𝑖(𝑥)𝑞̈𝑖(𝑡) +∞

𝑖=1

2𝑣𝜙𝑖
′(𝑥)𝑞̇𝑖(𝑡) + 𝑣2𝜙𝑖

′′(𝑥)𝑞𝑖(𝑡)])𝛿(𝑥 − 𝑣𝑡) . (4) 

Multiplying each term of Eq. (4) by 𝜙𝑗(𝑥), integrating it with respect to x over the beam length, and interchanging 
the order of integration and summation gives  

𝐸𝐼 ∑ 𝑞𝑖(𝑡) ∫ 𝜙𝑖
𝑖𝑣(𝑥)𝜙𝑗(𝑥)𝑑𝑥 − 𝑁 ∑ 𝑞𝑖(𝑡)∞

𝑖=1
𝐿

0
∫ 𝜙𝑖

′′(𝑥)𝜙𝑗(𝑥)𝑑𝑥 + 𝑐 ∑ 𝑞̇𝑖(𝑡)∞
𝑖=1 ∫ 𝜙𝑖(𝑥)𝜙𝑗(𝑥)𝑑𝑥 +

𝐿

0

𝐿

0
∞
𝑖=1

𝑚 ∑ 𝑞̈𝑖(𝑡) ∫ 𝜙𝑖(𝑥)𝜙𝑗(𝑥)𝑑𝑥 = 𝑀𝑔 𝜙𝑗(𝑣𝑡) − 𝑀 ∑ {𝜙𝑖(𝑣𝑡)𝜙𝑗(𝑣𝑡)𝑞̈𝑖(𝑡) + 2𝑣𝜙𝑖
′(𝑣𝑡)𝜙𝑗(𝑣𝑡)(𝑡)𝑞̇𝑖(𝑡) +∞

𝑖=1
𝐿

0
∞
𝑖=1

𝑣2𝜙𝑖
′′(𝑣𝑡)𝜙𝑗(𝑣𝑡)𝑞𝑖(𝑡)} , (5)

Note that the following property of the Dirac delta 
function is considered to obtain right-hand side of Eq. 
(5)  

∫ 𝑓(𝑥)𝛿(𝑥 − 𝜉)𝑑𝑥 =
𝑏

𝑎
𝑓(𝜉)     (𝑎 < 𝜉 < 𝑏) . (6) 

For simply supported beams, modal shape function 
can be written as  

𝜙𝑖(𝑥) = 𝑠𝑖𝑛
𝑖𝜋𝑥

𝐿
 . (7) 

Substituting Eq. (7) into Eq. (4), using modal orthogo-
nality, and carrying out integrations yield the following 
matrix equation of motion with time-dependent coeffi-
cients.  

𝑀𝑞̈ + 𝐶𝑞̇ + 𝐾𝑞 = 𝐹 , (8) 

where  

𝑀 = 𝐼 +
2𝑀

𝑚𝐿
𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф ,  

𝐶 = 𝑑𝑖𝑎𝑔[2𝜉𝑖𝜔𝐸,𝑖] +
4𝑀

𝑚𝐿
𝑣𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′ ,  

𝐾 = 𝑑𝑖𝑎𝑔[𝜔𝐸,𝑖
2 ] +

2𝑀

𝑚𝐿
𝑣2𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′′ , 

𝐹 =
2𝑀𝑔

𝑚𝐿
{𝜙1(𝑣𝑡)𝜙2(𝑣𝑡) … 𝜙𝑛(𝑣𝑡)𝑇} , (9) 

where 𝜉𝑖  and 𝜔𝐸,𝑖  is the damping ratio and the circular 
natural frequency for ith mode, respectively. I is unit ma-
trix, 𝑑𝑖𝑎𝑔(… ) is a diagonal matrix. The matrix Ф can be 
defined as  

𝛷 = [

𝜙1(𝑣𝑡) 𝜙2(𝑣𝑡)
⋮ ⋱

⋯ 𝜙𝑛(𝑣𝑡)

⋮
⋮

𝜙1(𝑣𝑡) 𝜙2(𝑣𝑡)
⋱  ⋮
… 𝜙𝑛(𝑣𝑡)

] . (10) 

For a Bernoulli-Euler beam with axial load, 𝜔𝐸,𝑖  can be 
defined as  

𝜔𝐸,𝑖
2 =

𝐸𝐼

𝑚

𝑖4𝜋4

𝐿4 +
𝑁

𝑚

𝑖2𝜋2

𝐿2   ,   𝑖 = 1, 2, … . , 𝑛   , (11) 

where n is total number of modes considered in the anal-
ysis. Bending moment for Bernoulli-Euler beam can be 
expressed by  

𝑀(𝑥, 𝑡) = −𝐸𝐼𝑦′′(𝑥, 𝑡) . (12) 
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3.2. Rayleigh beam formulation 

Rayleigh beam model considers only rotatory inertia 
of the beam. The governing differential equation can 
thus be written as  

𝐸𝐼𝑦𝑖𝑣(𝑥, 𝑡) − 𝑁𝑦′′(𝑥, 𝑡) + 𝑐𝑦̇(𝑥, 𝑡) − 𝑚𝑟2𝑦̈′′(𝑥, 𝑡) +

𝑚𝑦̈(𝑥, 𝑡) = 𝑝(𝑥, 𝑡) . (13) 

Here, 𝑟 = √𝜋𝐼/𝐴  denotes the radius of gyration 
where I and A are the second moment of area and cross-
sectional area of the beam, respectively. 

Assuming the solution 𝑦(𝑥, 𝑡) as given in Eq. (3) and 
following the same procedure just described for Ber-
noulli-Euler beams yields  

𝑀𝑞 ̈ + 𝐶𝑞̇ + 𝐾𝑞 = 𝐹 , (14) 

where  

𝑀 = 𝑑𝑖𝑎𝑔[𝜇𝑅,𝑖] +
2𝑀

𝑚𝐿
𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]𝛷 ,  

𝐶 = 𝑑𝑖𝑎𝑔[2𝜉𝑖𝜔𝑅,𝑖] +
4𝑀

𝑚𝐿
𝑣 𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′ ,  

𝐾 = 𝑑𝑖𝑎𝑔[𝜔𝐸,𝑖
2 ] +

2𝑀

𝑚𝐿
𝑣2𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′′ , 

𝐹 = 𝑑𝑖𝑎𝑔
2𝑀𝑔

𝑚𝐿
{𝜙1(𝑣𝑡)𝜙2(𝑣𝑡) … 𝜙𝑛(𝑣𝑡)𝑇} , (15)  

where  

𝜇 = 1 +
𝑖2𝜋2𝑟2

𝐿2    ,   𝜔𝑅,𝑖
2 =

𝜔𝐸,𝑖
2

𝜇𝑅,𝑖
   ,   𝑖 = 1, 2, … . , 𝑛   , (16) 

which is the circular natural frequency for a Rayleigh 
beam with axial load. Bending moment of a Rayleigh 
beam is also expressed by Eq. (12). 

3.3. Shear beam formulation 

When only the effect of transverse shear on the dy-
namic behavior of the beam is considered, the following 
couple of governing differential equations can be writ-
ten.  

𝑚𝑦̈(𝑥, 𝑡) + 𝑐𝑦̇(𝑥, 𝑡) − 𝑘𝐴𝐺[𝑦′′(𝑥, 𝑡) − 𝜃′(𝑥, 𝑡)] −

𝑁𝑦′′(𝑥, 𝑡) = 𝑝(𝑥, 𝑡) , 

𝐸𝐼𝜃′′(𝑥, 𝑡) + 𝑘𝐴𝐺[𝑦′(𝑥, 𝑡) − 𝜃(𝑥, 𝑡)] = 0 , (17) 

where k is the shear correction factor that depends on 
the shape of the cross-section of the beam, G is shear 
modulus and 𝜃(𝑥, 𝑡) is the rotation of the cross-section 
of the beam.  

Solutions for the dynamic deflection 𝑦(𝑥, 𝑡) and the 
rotation 𝜃(𝑥, 𝑡) can be assumed as  

𝑦(𝑥, 𝑡) = ∑ 𝜙𝑖
∞
𝑖=1 (𝑥)𝑞𝑖(𝑡)  , 𝜃(𝑥, 𝑡) = ∑ 𝜓𝑖

∞
𝑖=1 (𝑥)𝑠𝑖(𝑡) , (18) 

where 𝑞𝑖(𝑡) and 𝑠𝑖(𝑡) are generalized coordinates, and 
𝜙𝑖(𝑡) and 𝜓𝑖(𝑡) are modal shape functions which can be 
defined as  

𝜙𝑖(𝑥) = 𝑠𝑖𝑛
𝑖𝜋𝑥

𝐿
   ,   𝜃𝜓𝑖(𝑥) = 𝑐𝑜𝑠

𝑖𝜋𝑥

𝐿
 , (19) 

for simply supported beams. Substituting Eq. (18) into 
Eq. (17) gives

 

𝑚 ∑ 𝑞̈𝑖(𝑡) + 𝑐 ∑ 𝜙𝑖(𝑥)𝑞̇𝑖(𝑡)∞
𝑖=1 − 𝑘𝐴𝐺[∑ 𝜙𝑖

′′(𝑥)𝑞𝑖(𝑡) − ∑ 𝜓𝑖
′(𝑥)𝑠𝑖(𝑡)∞

𝑖=1
∞
𝑖=1 ] − 𝑁 ∑ 𝜙𝑖

′′(𝑥)𝑞𝑖(𝑡)∞
𝑖=1

∞
𝑖=1   

                                              = (𝑀𝑔 − 𝑀 ∑ [𝜙𝑖(𝑥)𝑞̈𝑖(𝑡) + 2𝑣𝜙𝑖
′(𝑥)𝑞̇𝑖(𝑡) + 𝑣2𝜙𝑖

′′(𝑥)𝑞𝑖(𝑡)]∞
𝑖=1 )𝛿(𝑥 − 𝑣𝑡) , 

𝐸𝐼 ∑ 𝜓𝑖
′′(𝑥)𝑠𝑖(𝑡)∞

𝑖=1 + 𝑘𝐴𝐺[∑ 𝜙𝑖
′(𝑥)𝑞𝑖(𝑡) − ∑ 𝜓𝑖

′(𝑥)𝑠𝑖(𝑡)∞
𝑖=1  ∞

𝑖=1 ] = 0 . (20) 

Multiplying the first equation of (20) by 𝜙𝑗(𝑥) and the second by  𝜓𝑗(𝑥), integrating them over the beam length, 
and interchanging the order of integration and summation yields  

𝑚 ∑ 𝑞̈𝑖(𝑡) ∫ 𝜙𝑖(𝑥)
𝐿

0
𝜙𝑗(𝑥)𝑑𝑥 + 𝑐 ∑ 𝑞̇𝑖(𝑡)∞

𝑖=1 ∫ 𝜙𝑖(𝑥)
𝐿

0
𝜙𝑗(𝑥)𝑑𝑥 − 𝑘𝐴𝐺 [∑ 𝑞𝑖(𝑡) ∫ 𝜙𝑖

′′(𝑥)
𝐿

0
𝜙𝑗(𝑥)𝑑𝑥 −∞

𝑖=1
∞
𝑖=1

∑ 𝑠𝑖(𝑡) ∫ 𝜓𝑖
′(𝑥)

𝐿

0
𝜙𝑗(𝑥)𝑑𝑥∞

𝑖=1 ] − 𝑁 ∑ 𝑞𝑖(𝑡) ∫ 𝜙𝑖
′′(𝑥)

𝐿

0
𝜙𝑗(𝑥)𝑑𝑥 = 𝑀𝑔∞

𝑖=1 𝜙𝑗(𝑣𝑡) − 𝑀 ∑ {𝜙𝑖(𝑣𝑡)𝜙𝑗(𝑣𝑡)𝑞̈𝑖(𝑡) +∞
𝑖=1

2𝑣𝜙𝑖(𝑣𝑡)𝜙𝑗(𝑣𝑡)𝑞̇𝑖(𝑡) + 𝑣2𝜙𝑖
′′(𝑣𝑡)𝜙𝑗(𝑣𝑡)𝑞𝑖(𝑡)} , 

𝐸𝐼 ∑ 𝑠𝑖(𝑡) ∫ 𝜓𝑖
′′(𝑥)

𝐿

0
𝜓𝑗(𝑥)𝑑𝑥 + 𝑘𝐴𝐺 [∑ 𝑞𝑖(𝑡) ∫ 𝜙𝑖

′(𝑥)
𝐿

0
𝜓𝑗(𝑥)𝑑𝑥 − ∑ 𝑠𝑖(𝑡) ∫ 𝜓𝑖

′(𝑥)
𝐿

0
𝜓𝑗(𝑥)𝑑𝑥∞

𝑖=1
∞
𝑖=1 ] = 0∞

𝑖=1  . (21) 

Substituting Eq. (19) into Eq. (21), carrying out integrals, and using modal orthogonality, the following coupled 
matrix equations of motion with time-dependent coefficients can be obtained.  

{𝐼 +
2𝑀

𝑚𝑙
𝑑𝑖𝑎𝑔[𝜙𝑖]Ф} 𝑞̈ + {𝑑𝑖𝑎𝑔[2𝜉𝑖𝜔𝑠,𝑖] +

4𝑀

𝑚𝐿
𝑣 𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′} 𝑞̇ + {𝑑𝑖𝑎𝑔 [

𝑁+𝑘𝐴𝐺

𝑚

𝑖2𝜋2

𝐿2
] +

2𝑀

𝑚𝐿
𝑣2𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′′} 𝑞 − 𝑑𝑖𝑎𝑔 [

𝑘𝐴𝐺

𝑚

𝑖𝜋

𝐿
] 𝑠 = 𝐹 , 

𝑑𝑖𝑎𝑔 [
𝑘𝐴𝐺

𝑚

𝑖𝜋

𝐿
] 𝑞 − 𝑑𝑖𝑎𝑔 [

𝐸𝐼

𝑚

𝑖2𝜋2

𝐿2 +
𝑘𝐴𝐺

𝑚
] 𝑠 = 0 . (22) 
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From the second equation of (22)  

𝑠 =
𝑑𝑖𝑎𝑔[

𝑘𝐴𝐺

𝑚

𝑖𝜋

𝐿
]

𝑑𝑖𝑎𝑔[
𝐸𝐼

𝑚

𝑖2𝜋2

𝐿2 +
𝑘𝐴𝐺

𝑚
]
𝑞 . (23) 

Using Eq. (23) into the first equation of (22), after 
some arrangements, the following matrix equation of 
motion can be obtained in terms of q.  

𝑀𝑞̈ + 𝐶𝑞̇ + 𝐾𝑞 = 𝐹 , (24) 

where  

𝑀 = 𝐼 +
2𝑀

𝑚𝐿
𝑑𝑖𝑎[𝜙𝑖(𝑥)]𝛷 ,  

𝐶 = 𝑑𝑖𝑎𝑔[2𝜉𝑖𝜔𝑠,𝑖] +
4𝑀

𝑚𝐿
𝑣𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′ ,  

𝐾 = 𝑑𝑖𝑎𝑔[𝜔𝑠,𝑖
2 ] +

2𝑀

𝑚𝐿
𝑣2𝑑𝑖𝑎𝑔[𝜙𝑖(𝑥)]Ф′′ , 

𝐹 =
2𝑀𝑔

𝑚𝐿
  {𝜙1(𝑣𝑡) 𝜙2(𝑣𝑡) … 𝜙𝑛(𝑣𝑡)𝑇} , (25)  

where 𝜔𝑠,𝑖  is the circular natural frequency for a shear 
beam with axial load and can be defined as  

𝜔𝑠,𝑖
2 =

1

1+
𝐸𝐼

𝑘𝐴𝐺

𝑖2𝜋2

𝐿2

{(1 +
𝑁

𝑘𝐴𝐺
)

𝐸𝐼

𝑚

𝑖4𝜋4

𝐿4
+

𝑁

𝑚

𝑖2𝜋2

𝐿2
}  , 𝑖 = 1, 2, … , 𝑛 . (26) 

Bending moment for a shear beam can be expressed by  

𝑀(𝑥, 𝑡) = −𝐸𝐼𝜃′(𝑥, 𝑡) . (27) 

4. Numerical Results 

Since matrix equations of motion given by Eq. (8) for 
Bernoulli-Euler beam, Eq. (14) for Rayleigh beam and 
Eq. (24) for shear beam have time-dependent coeffi-
cients, a numerical solution algorithm is required for so-
lution. In this study, Newmark method is employed to 
obtain dynamic deflection of the beam with axial load 

under moving mass. Once the dynamic deflection is ob-
tained, the bending moment can easily be obtained by 
using Eq. (12) for Bernoulli-Euler and Rayleigh beams 
and Eq. (27) for shear beam. 

The interaction (contact) force between the moving 
mass and the beam can be calculated by  

𝐹𝑐 = 𝑀𝑔 − 𝑀[𝑦̈(𝑥, 𝑡) + 2𝑣𝑦̇′(𝑥, 𝑡) + 𝑣2𝑦′′(𝑥, 𝑡)]𝑥=𝑣𝑡 , (28) 

which is defined to be positive if the force acting on the 
beam is pointing downward, i.e., in the positive y direc-
tion. Changing sign of the contact force from positive to 
negative would indicate that the mass separated from 
the beam (Lee, 1996).   

Numerical calculations are made for n=10 modes, and 
the parameters of the beam are assumed to be E=35 GPa, 
v=0.2, m=1500 kg/m, b=0.4 m, h=0.4 m, and k=5/6 
(Şimşek and Kocatürk, 2007). The damping ratio (ξ) is 
considered as 2.5% for all vibration modes. 

Comparison of fundamental frequency of the beam for 
various slenderness ratios L/h according to different 
beam models is given in Table 1. Axial force is normal-
ized by 𝑁𝑐𝑟 = 𝜋2𝐿2/𝐸𝐼  which is the critical buckling 
force for simply supported elastic beams. As seen in Eqs. 
(11), (16) and (26) which express natural frequencies 
for the considered beam models; the axial force has a di-
rect effect on the natural frequency of the beam. As the 
axial force increases in tension, the fundamental fre-
quency increases, too. On the other hand, the fundamen-
tal frequency decreases with increasing the axial force in 
compression. The latter case is called as the compression 
softening which can be explained as reduction in beam 
stiffness due to the pre-stressing (Chan and Yung, 2000; 
Şimşek and Kocatürk, 2007). In Table 2, critical veloci-
ties of the moving mass, which is defined as 𝑣𝑐𝑟 = 𝜔1𝐿/𝜋, 
are given for considered beam models and various L/h 
values. Variation of the critical velocity with the normal-
ized axial force is similar to that of the fundamental fre-
quency. From Tables 1 and 2, and Figs. 2 and 3, it can be 
said that shear beam model always gives smaller funda-
mental frequency and critical velocity in comparison to 
the other beam models when the slenderness ratio L/h 
of the beam is small

Table 1. Comparison of fundamental frequencies of the beam according to different beam models. 

N/Ncr 

ω1/2π (Hertz) 

L/h=5  L/h=10  L/h=20 

BE R S  BE R S  BE R S 

-1.0 - - -  - - -  - - - 

-0.8 24.78 24.38 23.12  6.20 6.17 6.09  1.55 1.55 1.54 

-0.6 35.05 34.49 33.10  8.76 8.73 8.63  2.19 2.19 2.18 

-0.4 42.93 42.24 40.70  10.73 10.69 10.59  2.68 2.68 2.67 

-0.2 49.57 48.77 47.09  12.39 12.34 12.23  3.10 3.09 3.09 

  0.0 55.42 54.53 52.71  13.85 13.80 13.68  3.46 3.46 3.45 

  0.2 60.68 59.74 57.79  15.18 15.11 14.98  3.79 3.80 3.78 

  0.4 65.56 64.51 62.45  16.34 16.32 16.19  4.10 4.09 4.09 

  0.6 71.10 69.00 66.79  17.52 17.45 17.31  4.38 4.38 4.37 

  0.8 74.34 73.15 70.87  18.59 18.51 18.35  4.65 4.64 4.63 

  1.0 78.36 77.11 74.72  19.59 19.51 19.35  4.90 4.89 4.88 
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Table 2. Comparison of critical velocities of the moving mass according to different beam models. 

N/Ncr 

vcr (m/s) 

L/h=5  L/h=10  L/h=20 

BE R S  BE R S  BE R S 

-1.0 - - -  - - -  - - - 

-0.8 247.83 243.84 231.20  124.00 123.40 121.80  62.00 62.00 61.60 

-0.6 350.52 344.87 331.01  175.20 174.60 172.60  87.6.0 87.60 87.20 

-0.4 429.27 422.40 406.99  214.60 213.80 211.80  107.20 107.20 106.80 

-0.2 495.66 487.79 470.94  247.80 246.80 244.60  124.00 123.60 123.60 

  0.0 554.18 545.26 527.14  277.00 276.00 273.60  138.40 138.40 138.00 

  0.2 606.18 597.41 578.01  303.60 302.20 299.60  151.60 152.00 151.20 

  0.4 655.60 645.07 624.56  326.80 326.40 323.80  164.00 163.60 163.60 

  0.6 701.04 689.95 667.79  350.40 349.00 346.20  175.20 175.20 174.80 

  0.8 743.40 731.50 708.70  371.80 370.20 367.00  186.00 185.60 185.20 

  1.0 783.60 771.10 747.20  391.80 390.20 387.00  196.00 195.60 195.20 

 

Fig. 2. Fundamental frequency of the beam vs. the nor-
malized axial force for different beam models (L/h=5). 

 

Fig. 3. Critical velocity of the moving mass vs. the nor-
malized axial force for different beam models (L/h=5). 

Figs. 4(a-b) show variation of maximum dynamic de-
flection and bending moment of the beam at its midspan 
with dimensionless velocity of the moving mass for Ber-
noulli-Euler beam, L/h=20 and M/mL=0.15, respectively. 

When the axial compressive force increases, both the de-
flection and the bending moment increase because of the 
compression softening effect. On the contrary, the de-
flection and the bending moment decrease with increas-
ing the axial force in tension. 

 

 

Fig. 4. Maximum dynamic response of the beam at its 
midspan vs. dimensionless velocity of the mass for differ-
ent pre-stressing forces; (a) Deflection; (b) Bending mo-

ment (L/h=20, M/mL=0.15). 
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In Figs. 5 and 6, variation of maximum dynamic de-
flection and bending moment response of the beam with 
the dimensionless velocity for different beam models is 
shown for N/Ncr=-0.10, M/mL=0.15 and L/h=5, 10, 15 
and 20. According to Fig. 5, rotatory inertia has almost 
no effect on deflection response of the beam at its mid-
span. However, shear deformation affects the midspan 

deflection considerably for shorter beams. Midspan de-
flections increase with increasing the slenderness ratio 
L/h. Deflection curves come closer to each other with in-
creasing L/h since effect of shear deformation disap-
pears for slender beams. According to Fig. 6, shear defor-
mation has little effect on the bending moment response 
compared to the deflection response.

           

           

Fig. 5. Maximum deflection of the beam at its midspan vs. dimensionless velocity of the mass for different beam lengths 
(N/Ncr=-0.10, M/mL=0.15).

Variation of maximum deflection and bending mo-
ment of the beam at its midspan with the mass parame-
ter M/mL is given in Fig. 7 for Bernoulli-Euler beam, 
L/h=20 and α=0.20. Both the deflection and the bending 
moment increase with increasing M/mL. As pre-stress-
ing force increases, deflections and bending moments of 
the beam increase, too.  

Figs. 8 and 9 give variation of maximum deflection 
and bending moment at midspan of the beam with M/mL 
for N/Ncr=-0.10, α=0.20, and L/h=5 and 10 considering 
different beam models. According to these figures, con-
sideration of shear deformation in calculations increases 
both the deflection and the bending moment while rota-
tory inertia has almost no effect. Shear deformation has 
greater effect on the deflection response compared to 
the bending moment response, especially for beams with 
smaller L/h values. 

When the mass moves along the beam length, the de-
flection and the bending moment at midspan and the 
contact force between the mass and the beam are given 
in Fig. 10 for various pre-stressing forces. Here, 
L/h=20, M/mL=0.15, α=0.20 and Bernoulli-Euler beam 
model is considered. As stated above, an increase in 
compressive axial forces (pre-stressing forces) causes 
greater deflections and bending moments. However, 
the contact force between the mass and the beam is not 
considerably affected by increasing pre-stressing 
forces. 

In Fig. 11, a comparison of the deflection and the 
bending moment at midspan of the beam and the contact 
force distribution under the moving mass for different 
beam lengths is given for N/Ncr=-0.10, M/mL=0.15, 
α=0.20 considering different beam models. Results for 
the deflection and the bending moment in this figure are 
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in good agreement those of Figs. 5, 6, 8 and 9. As can be 
seen in these figures, midspan deflections significantly 
increase by considering shear deformation for short 

beams. However, shear deformation has little effect on 
the bending moment and the contact force compared to 
the deflection response. 

           

           

Fig. 6. Maximum bending moment at midspan of the beam vs. dimensionless velocity of the mass for different beam 
lengths (N/Ncr=-0.10, M/mL=0.15) 

           

Fig. 7. Maximum dynamic response of the beam at its midspan vs.   for various pre-stressing forces; (a) Deflection; 
(b) Bending moment (L/h=20, α=0.20) 
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Fig. 8. Maximum deflection of the beam at its midspan vs. M/mL for different beam lengths (N/Ncr=-0.10, α=0.20) 

                

Fig. 9. Maximum bending moment at midspan of the beam vs. M/mL for different beam lengths (N/Ncr=-0.10, α=0.20) 

              

  

Fig. 10. Deflection, bending moment and contact force distributions under the moving mass for various pre-stress-
ing forces (L/h=20, M/mL=0.15, α=0.20) 
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Fig. 11. Deflection, bending moment and contact force distributions under the moving mass for different beam 
lengths (N/Ncr=-0.10, M/mL=0.15, α=0.20) 

5. Conclusions 

This study presents analytical solution of moving 
mass problem for pre-stressed elastic beams using dif-
ferent beam models. The assumed mode method is used 
to derive equations of motion with time-dependent coef-
ficients in matrix form. Numerical solution is, then, per-
formed by using Newmark method to obtain dynamic 
deflections of the beam. Once deflections are obtained, 
the bending moment and the contact force between the 
mass and the beam are easily calculated. Effects of the 
axial force, rotatory inertia and shear deformation on dy-
namic behavior of the beam are studied by depending on 
several parameters such as weight and speed of the mov-
ing mass and the beam length.  

Results show that axial force is important in calcula-
tion of beam deflections and bending moments. Results 

also show that shear deformation has considerable effect 
on the response of beams having small slenderness ratio, 
i.e., short beams, while rotatory inertia has almost no ef-
fect. The contact force is not affected significantly by ax-
ial force, rotatory inertia and shear deformation of the 
beam. In addition, results obtained from this study are 
also in good agreement with those of previous works. 
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A B S T R A C T 

In this study, influences of vertical ground motion on seismically isolated bridges 
were investigated for seven different earthquake data. One assessment of bearing ef-

fect involves the calculation of vertical earthquake load on the seismically isolated 

bridges. This paper investigates the influence of vertical earthquake excitation on the 

response of briefly steel girder composite bridges (SCB) with and without seismic 

isolation through specifically selected earthquakes. In detail, the bridge is composed 

of 30m long three spans, concrete double piers at each axis supported by mat foun-
dations with pile systems. At both end of the spans there exists concrete abutments 

to support superstructure of the bridge. SCBs which were seismically isolated with 

ten commonly preferred different lead-rubber bearings (LRB) under each steel 

girder were analyzed. Then, the comparisons were made with a SCB without seismic 

isolation. Initially, a preliminary design was made and reasonable sections for the 

bridge have been obtained. As a result of this, the steel girder bridge sections were 

checked with AASHTO provisions and analytical model was updated accordingly. 

Earthquake records were thought as the main loading sources. Hence both cases 

were exposed to tri-axial earthquake loads in order to understand the effects under 

such circumstances. Seven near fault earthquake data were selected by considering 

possession of directivity. Several runs using the chosen earthquakes were performed 

in order to be able to derive satisfactory comparisons between different types of iso-
lators. Analytical calculations were conducted using well known structural analysis 

software (SAS) SAP2000. Nonlinear time history analysis was performed using the 

analytical model of the bridge with and without seismic isolation. Response data col-

lected from SAS was used to determine the vertical load on the piers and middle span 

midspan moment on the steel girders due to the vertical and horizontal component 

of excitation. Comparisons dealing with the effects of horizontal only and horizontal 

plus vertical earthquake loads were introduced. 
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1. Introduction 

A structure should remain elastic during seismic exci-
tation to avoid damage and should also retain the ability 
to undergo large deformations to facilitate energy dissi-
pation. These demands seem paradoxical with the appli-
cation of regular structural elements. Therefore, special 
structural elements should be considered to accomplish 
these crucial two extremes. The seismic isolation sys-
tems can be accounted for the special structural elements 

which provide structural elements stress levels in elastic 
range and energy dissipation by large deformation capa-
bility. 

Vertical earthquake effect on bridges is a serious issue 
since it has considerable contribution to design stresses 
of structural members. This is why several studies re-
garding the vertical earthquake loads on bridges have 
been performed so far. Most of the studies focused on 
vertical ground motion influence on bridges without 
seismic base isolation. 
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McRae and Tagawa (2002) undertook a dynamic ine-
lastic time-history analyses of single-degree-of-freedom 
(SDOF) bilinear oscillators in order to determine the 
ability of the Coefficient Method (FEMA273/FEMA356) 
and the Capacity Spectrum Method (ATC-40) to predict 
the total displacement demands of simple structures. 
Both the Coefficient Method (CM) and the Capacity Spec-
trum Method (CSM) were calibrated to obtain the exact 
inelastic response displacements for near-fault (NF) and 
far-fault (FF) shaking. As a result of dynamic inelastic 
analyses of single degree of freedom bilinear oscillators 
McRae and Tagawa (2002) indicates that, oscillators 
with demands estimated by the CM, and with fundamen-
tal periods less than about 0.8 s, were not affected signif-
icantly by near-fault shaking effects. For longer funda-
mental period oscillators, oscillator strengths may need 
to be increased by more than 60% to account for inelas-
tic shaking effects from NF sites in the region of positive 
directivity compared to that for shaking from Far Fault 
(FF) or NF near-epicenter sites for the same target dis-
placement ductility. NF shaking did not cause significant 
trends in the displacement demands of oscillators evalu-
ated by the CSM method. 

A study by Kunnath et al. (2008) indicates that, stud-
ies in the past have clearly identified several potential is-
sues that deserve additional attention. The study is un-
dertaken with the objective of assessing the current pro-
visions in The Caltrans Seismic Design Criteria (SDC) 
2006 for incorporating vertical effects of ground mo-
tions in seismic evaluation and design of ordinary high-
way bridges. In the code, it is required to take into ac-
count the vertical ground motion for ordinary highway 
bridges where the site peak rock acceleration is 0.6 g or 
greater.  In order to consider the vertical ground motion 
an equivalent static vertical load required to be applied 
to the superstructure to estimate the effects of vertical 
acceleration. The loading procedure aims to perform a 
separate analysis to check nominal capacity of super-
structure against loading stated in SDC 006. As a result 
of the study, two major conclusions were found. First, 
vertical ground motions have significant effects on the 
axial force demand in columns. Second, vertical ground 
motions have significant effects on moment demands at 
the middle of the span. Particularly, for the case of the 
shear demand and shear capacity fluctuations. It should 
also be noted that axial forces vary at much higher fre-
quencies than lateral forces. Hence, the sudden shifts in 
shear capacity as the column goes from compression to 
tension may require further investigation. On the other 
hand, the study concludes the amplification of negative 
moments in the midspan section as the primary issue 
that needs to be involved in the SDC-2006. In particular, 
the current requirement that vertical ground motions be 
considered only for sites where the expected peak rock 
acceleration is at least 0.6 g is considered not to be an 
adequate basis to assess the significance of vertical ef-
fects. According to Kunnath et al. (2008) a more detailed 
SDC criteria shall be created about the design specifica-
tion for the consideration of vertical effects by means of 
a static load equivalent to 25% of the dead load applied 
in the upward direction. 

Warn et al. (2008) studied vertical earthquake loads 
on seismic isolation systems in bridges. The study sum-
marizes and presents sample results from earthquake 
simulation testing performed on a bridge model isolated 
with low damping rubber bearing and lead rubber bear-
ings. Results from the testing program were used to in-
vestigate the influence of vertical excitation on the verti-
cal load carried by the isolation system and the axial load 
of individual bearings. As a result of simulations, signifi-
cant amplifications in the vertical response for both the 
low damping rubber bearing and lead rubber bearing 
bridge configurations were experimentally observed. 
However from a comparison of amplification factors for 
both the isolated and fixed-base configurations esti-
mated using spectral analysis suggests the isolation sys-
tem itself results in only a marginal increase in amplifi-
cation over the fixed-base bridge for the model and sys-
tems considered in the study. Hence, those results sug-
gest that the vertical flexibility of the bridge-isolation 
system should not be ignored for design. Use of the peak 
ground acceleration of the vertical component would un-
derestimate the vertical earthquake load on the isolation 
system. They concluded that, the spectral analysis pro-
cedure considering the full vertical stiffness of the isola-
tor lead to more reasonable and accurate estimates of 
the vertical earthquake load on the isolation system for 
the bridge model and isolation systems. 

In this study, bridges with seismic isolation and with-
out seismic isolation are considered. They can be classi-
fied as lightweight structures. If seismic isolation is ap-
plied, weight of the structure gains importance against 
vertical component of ground motions. Therefore it is 
considered seismically isolated bridges are needed to be 
investigated deeply.  From this point of view, the study 
intends to investigate the influence of vertical earth-
quake excitation on the response of a briefly two types 
of bridges through seven earthquakes. First type of 
bridge is seismically isolated steel composite bridge. Sec-
ond type is a regular steel composite bridge. Lead rubber 
bearings are used for seismic isolation. The intention of 
studying same bridge with seismic isolation and without 
seismic isolation is to be able to reach a comparison re-
garding influence of vertical component of earthquakes. 
Additionally, in order to reach more realistic and satisfac-
tory comparisons between isolators on same bridge, a set 
composed of nine isolators which have different charac-
teristic properties is used. To sum up considering many 
parameters stated herein several time history analyses 
are conducted using the structural analysis software 
SAP2000. As a result response data collected from the 
analyses is used to determine the vertical load on the 
piers and isolators and middle span moment on the steel 
girders due to the earthquake excitations. A comparison 
between all configurations is introduced and discussed. 

 

2. Bridge Model and Isolators 

In this study, a steel girder composite bridge is consid-
ered because it is in the group of beam type bridges. As a 
result, influences on bending of beam can be observed. 
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Also, composite steel girder bridge may be classified as 
relatively more lightweight than other type bridges. 

The made up bridge which was investigated in an ear-
lier study done by Eröz and DesRoches (2007), has been 
chosen. This is a regular steel girder bridge with RC piers 
and piles. The fundamental structural elements are de-
rived from the previous study and developed through 
this study. After developing the bridge an initial design 
is performed in order to see whether the bridge is com-
plying with the AASHTO provisions or not. For this rea-
son, main girder and RC piers are checked against major 
loads applied to the bridge. For the sake of safety of ini-
tial design, AASHTO Strength I load combination limit 
state is used. Strength I load combination involves dead 
load and live load with load factors 1.25 and 1.75, respec-
tively. After adequate number of iterations on sections, 
the structural elements of the bridge are finalized. 

The number of span is 3 and the span length is 30.3 m. 
Fig. 1 and Fig. 2 show elevations of the bridge in the long 
and in the short axis, respectively. From top to bottom 
structural members and sectional properties are as fol-
lows; RC deck is 0.25 m thick. One of the most important 
members of the bridge is certainly steel girders. The 
steel girders are selected from I shaped sections with the 
geometric properties shown on Fig. 3. Diaphragm beam 
is composed of a rectangular section with a width and a 
height of 1.2 m. Circular RC pier has a diameter of 0.9 m 
and a height of 4.6 m. RC Mat foundation has plan dimen-
sions of 3.6 m to 3.6 m with a thickness of 1.1 m. Finally, 
circular RC pile has a diameter of 0.45 m and a height of 
4.5 m. Moreover, soil underneath the foundation is con-
sidered to be a common soil type of clayey medium 
dense sand with a subgrade reaction modulus of 
35GPa/m.

  
Fig. 1. Bridge elevation in long axis.

  

Fig. 2. Bridge elevation in short axis. 

  

Fig. 3. I shaped steel girder’s geometric properties. 

In this study, isolators are modeled as nonlinear link 
elements. Hence, effective stiffness, damping, yield 
strength and post yield stiffness ratio are defined. By 
definition, yield strength is the force at yield of isolator. 
Post yield stiffness ratio stands for ratio of plastic stiff-
ness to elastic stiffness. This ratio is usually taken as 0.1 

for design purposes. The basic characteristic properties 
are chosen from a manufacturers catalog cut-sheet. Fur-
thermore, other mentioned properties for nonlinear 
analyses are calculated to be used on the analyses pro-
gram. 9 different commercially available isolators are in-
vestigated in the study. All isolators are chosen from LRB 
in order to investigate the response with damping. The 
overall diameters, rubber thicknesses and layers, lead 
core diameters and all mounting plate properties differ 
from one isolator to other. Hence, a wide range of isola-
tors are used in the study. Table 1 shows the character-
istic properties and calculated additional properties of 
the isolators which are used for modeling. On the table 
bold letters and numbers show the calculated properties 
and the rest of parameters are taken from the manufac-
turer’s cut-sheet. Additionally, the labels of the commer-
cially available isolators are show as ISO-XX where XX is 
suffix starting from 01 to 09. Therefore the difference 
that comes out in results may be distinguished easily.  

 

3. Ground Motion Sets 

Earthquakes (EQ) are generally grouped in accord-
ance with three properties; peak ground accelerations 
(PGA) and peak ground velocities (PGV), soil classifica-
tions and possession of directivity. In this study, soil clas-
sifications and possession of directivity are considered 
as constant parameters and PGA and PGV vary to inves-
tigate response of the bridge under different conditions. 

Soil classification is described as an important param-
eter for an EQ since soil properties directly have influ-
ences on propagation waves generated by ground mo-
tions. Hence, it is decided to choose EQs whose site clas-
ses are same, for a reasonable comparison different EQs. 
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In the study, the soil classification criteria of USGS is pre-
ferred since the EQs record source Peer Strong Motion 
Database directly gives soil classification as per USGS 

and it is chosen as EQs record source. Moreover, a soil 
class of “C” as per USGS classification is selected for all 
chosen EQs and stations.

Table 1. Characteristic properties of the selected isolators. 
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DI 
(mm) 

DL 
(mm) 

Kd 
(kN/mm) 

Ke 
(kN/mm) 

Kv 
(kN/mm) 

Keff 
(kN/mm) 

Qd 
(kN) 

Fy 
(kN) 

umax 
(mm) 

ISO-01 355 0-100 0.20 2.00 100.00 0.85 65.00 72.22 150 

ISO-02 455 0-125 0.30 3.00 100.00 0.96 110.00 122.22 250 

ISO-03 570 0-180 0.50 5.00 500.00 1.25 180.00 200.00 360 

ISO-04 800 0-230 0.70 7.00 1000.00 1.48 265.00 294.44 510 

ISO-05 900 0-255 0.70 7.00 1400.00 1.65 355.00 394.44 560 

ISO-06 1050 0-305 0.90 9.00 2100.00 2.13 580.00 644.44 710 

ISO-07 1260 0-355 1.20 12.00 3700.00 2.60 755.00 838.89 810 

ISO-08 1360 0-380 1.40 14.00 5100.00 2.95 890.00 988.89 860 

ISO-09 1550 0-405 1.80 18.00 6500.00 3.49 1025.00 1138.89 910 

 

EQs are classified as being near fault ground motions 
involving directivity. A dependable source is used to see 
the EQs classified as near fault ground motions involving 
directivity. The source is a previous study done by 
MacRae and Tagawa (2002) which investigates methods 
to estimate some specific structures using far-fault and 
near-fault directivity record sets. The near fault directiv-
ity record sets in MacRae and Tagawa (2002) are consid-
ered to be a dependable list of near fault ground motions 
involving directivity. 

PGAs and PGVs are very important for grouping EQs. 
Three components (two horizontal and one vertical) of 
the EQs are used in the study. The selected EQs’ lateral 
components and vertical components are in the range of 
0.268 g to 0.897 g, and 0.242 g to 0.586 g, respectively, 
regarding PGA. On the other hand, their horizontal com-
ponents and vertical components are in the range of 46,9 
cm/s to 109,3 cm/s and 18,4 cm/s to 38,5 cm/s, respec-
tively, regarding PGV. Seven EQs are considered in this 
study in order to provide adequate range of ground ac-
celeration and ground velocity. They are sorted by the 
ratio of SRSS of horizontal peak accelerations to vertical 
peak acceleration. As a result, a normalized EQs property 
ratio is formed to be used while constituting compari-
sons of results. Table 2 presents the properties of the se-
lected ground motions within the specified selection cri-
terions. 

 

4. Analysis Procedure 

Three types of analysis cases are defined in the pro-
gram. These are linear static, linear modal and nonlinear 
modal history (FNA) cases.  Linear static type is used to 
define dead load and live load cases. Linear modal type 

is used to define Ritz-vector mode shape analysis case. 
Finally, the FNA type is used to define EQ load cases. 
Since FNA is a faster sort of time history analysis (THA), 
in order to be able to perform several runs this method 
is used. All cases started with a zero condition to discard 
effect of each analysis case to each other. For Ritz-vector 
case a tri-axial acceleration load is defined, since it is 
strictly required to define particular loads for this type 
of analysis. In addition to load definition, maximum 
number of modes is set as 17 to make sure 90% mass 
participation in each orthogonal direction. Two different 
FNA cases are created for each EQ. One of them is created 
to observe the influence of only horizontal components 
of EQs and named with suffix “…+H”. Additionally, other 
one is created to observe the influence of both horizontal 
and vertical components of EQs and named with suffix 
“…+HV”. 

Modal damping is chosen as 5% constant damping for 
all of the FNA cases. Also, number of output time steps 
and output step sizes are chosen considering the EQ data 
time step and length. A total history time of 15 seconds 
is specified for each EQ. 

In the analysis, combinations are defined in accord-
ance with strength criteria stated in AASHTO Section 3. 
Each analysis case involves only effects due to its defined 
load or EQ. This is why combinations are defined. They 
are aimed to be used for combining effects due to differ-
ent case. The combinations are grouped into two: 
Strength-I and Extreme Event-I. Strength-I has one sub-
item including dead load (DL) and live load (LL). On the 
other hand, Extreme Event-I has 15 sub-items. 14 of 
them are generated from DL, LL and EQs and one is from 
DL and LL. Extreme Event-I is abbreviated to read 
Comb1 to Comb7. Also, type of combination for all of 
them is selected as linear add.  
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Table 2. Selected ground motion sets. 
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(g) (cm/s) (1/s) (g) 

Imperial 

(15/10/79) 

California/ 

USA 

El Centro 

Array #7 
C 

140 (UX) 0.338 47.617 6.963 

0.57 0.851 1.054 230 (UY) 0.463 109.261 4.157 

Up (UZ) 0.544 26.310 20.284 

Imperial 

(15/10/79) 

California/ 

USA 

El Centro 

Array #5 
C 

140 (UX) 0.519 46.857 10.866 

0.64 0.966 1.197 230 (UY) 0.379 90.549 4.106 

Up (UZ) 0.537 38.522 13.675 

Northridge 

(17/01/94) 

California/ 

USA 
Newhall C 

90 (UX) 0.583 74.878 7.638 

0.83 1.077 1.514 360 (UY) 0.590 96.879 5.974 

Up (UZ) 0.548 31.532 17.049 

Düzce 

(12/11/99) 
Turkey Düzce C 

180 (UX) 0.348 59.990 5.691 

0.64 1.499 1.788 270 (UY) 0.535 83.506 6.285 

Up (UZ) 0.357 22.605 15.493 

Kocaeli 

(17/08/99) 
Turkey Yarımca C 

60 (UX) 0.268 65.740 3.999 

0.44 1.442 1.818 330 (UY) 0.349 62.177 5.506 

Up (UZ) 0.242 30.814 7.704 

Northridge 

(17/01/94) 

California/ 

USA 
Sylmar C 

52 (UX) 0.612 117.432 5.113 

1.09 1.531 1.853 142 (UY) 0.897 102.208 8.609 

Up (UZ) 0.586 34.587 16.621 

Erzincan 

(13/03/92) 
Turkey Erzincan C 

EW (UX) 0.496 64.282 7.569 

0.72 2.077 2.883 NS (UY) 0.515 83.959 6.017 

Up (UZ) 0.248 18.373 13.242 

5. Comparison of Results 

5.1. Modal analysis 

Initially, modal analysis outputs are given such as fun-
damental periods of each orthogonal direction for all 
mathematical models. Table 3 presents the fundamental 
periods of the models with predefined isolator and con-
nection property. All modal outputs are calculated using 
Ritz-Vector analysis. 

Table 3. Fundamental periods of the bridge models. 

 Fundamental Period (s) 

Model UX UY UZ 

SCB1 1.046 0.937 0.285 

SCB2 1.000 0.889 0.284 

SCB3 0.911 0.794 0.276 

SCB4 0.860 0.740 0.275 

SCB5 0.829 0.708 0.275 

SCB6 0.762 0.642 0.275 

SCB7 0.715 0.597 0.274 

SCB8 0.687 0.572 0.274 

SCB9 0.651 0.541 0.274 

SCB-Fix 0.080 0.210 0.253 

5.2. Steel girder midspan moment 

Nine steel girder bridge models are generated using 
nine different commercially available lead rubber bear-
ings. Outputs from these models are normalized with 
each other to provide a complete investigation about in-
fluences of LRBs on girder midspan moment. 

Fig. 4 illustrates the H/HV ratios of girder midspan 
moments with respect to Keff/Kv for seven different EQ 
data and average of them. Fig. 5 shows that girder mid-
span moment of the bridge systems does not change 
with Keff/Kv ratios for the same EQ data. If one use the 
average result of the seven EQ data for design purposes, 
the value of H/HV will be 0.72. This means including ver-
tical ground motion in the analysis increases girder mid-
span moment by 40%. 

Fig. 5 illustrates the H/HV ratios of girder midspan 
moments with respect to Ap,HOR/Ap,VERT for nine different 
rubber isolators. It is obvious in this figure that all isola-
tors H/HV curves’ fitting on each other which reveals iso-
lator property doesn’t have a significant effect on the 
girder midspan moments in steel girder bridges. 

5.3. Bridge systems with and without seismic 
isolation 

The model of the composite steel girder bridge with 
seismic isolation is reconstructed as a steel girder bridge 
without seismic isolation. Basically, the reconstruction 
includes replacement of the isolators at the connections 
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of diaphragm beams and steel girders with rigid links. On 
the issue of replacement, main objective is enabling axial 
force transfer from girders to piers or vice versa. 

  

Fig. 4. Girder midspan moment ratios of the bridges 
with respect to Keff/Kv. 

  

Fig. 5. Girder midspan moment ratios of the bridges 
with respect to Ap,HOR/Ap,VERT. 

Fig. 6 and Fig. 7 present the H/HV ratios of girder mid-
span moments and pier axial loads with respect to 
Ap,HOR/Ap,VERT, respectively. On both figures, H/HV ratios 
of the bridge with seismic isolation show the mean mem-
ber force ratios from the bridge models with nine differ-
ent isolators. On the other hand H/HV ratios of the bridge 
without seismic isolation show output from only one 
bridge. 

Fig. 6 shows that the H/HV ratios of the bridge with 
seismic isolation are slightly higher than the H/HV ratios 
of the bridge without seismic isolation. Since, the results 
calculated by horizontal EQ components (H) in the 
bridge with seismic isolation is close to the same sort of 
results in the bridge with seismic isolation, the differ-
ence between the H/HV ratios depends on the change of 
HV value (results calculated with the inclusion of vertical 
EQ components). Therefore, use of isolation system on a 
bridge causes significant increase in girder midspan mo-
ment in most of the load cases. The rate of increase is ap-
proximately 0.9%. 

Fig. 7 shows that H/HV ratios of the bridge with seis-
mic isolation are smaller than the H/HV ratios of the 
bridge without seismic isolation. The discussion in the 
paragraph above regarding the effects of horizontal and 

vertical EQ components on H and HV is also acceptable 
for the pier axial force. Hence, use of isolation system on 
a bridge causes significant decrease in pier axial force in 
most of the load cases, although the girder midspan mo-
ment increases. The decrease in the pier axial force can 
be as high as 11%. 

  

Fig. 6. Girder midspan moment ratios of the bridges 
with and without seismic isolation. 

  

Fig. 7. Pier axial force ratios of the bridges with and 
without seismic isolation. 

6. Conclusions 

The main objective of this study was to investigate the 
influences of vertical ground motion on the bridges with 
and without seismic isolation. After a brief introduction 
on seismic isolation and devices, more specific infor-
mation on seismic isolation on bridges was presented. 
Besides this, all required information on performing this 
numerical study was introduced one by one. The study 
was carried out using a steel girder composite bridge 
and nine LRBs with different characteristic properties. 
Nine mathematical bridge models with and without seis-
mic isolation were built. Moreover, seven different EQ 
data in same site class were selected. Two horizontal and 
one vertical components of the EQs were used in the 
analysis of bridges using FNA in the SAP2000 software. 
Finally, numerical results were obtained and introduced. 
The member forces presented for comparison are girder 
midspan moment, pier axial force and isolator axial 
force.  
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This study reveals that; 
 The bridges with seismic isolation are not as vulnera-
ble as the bridges without seismic isolation according to 
the fundamental periods on the response spectrums re-
garding the vertical component of the EQs. 
 The vertical components of the EQs are not producing 
resonance in seismically isolated bridges for the ground 
motion data chosen in this study.  
 Vertical ground motion affects the girder midspan 
moment significantly. 
 Disregarding the vertical ground motion from the 
analysis leads to mean underestimation of 27% of girder 
midspan moment. 
 The bridge systems with different isolators have the 
same H/HV ratio of the girder midspan moment for same 
combination.  Also, varying Keff/Kv ratio doesn’t have a 
significant effect on the girder midspan moments. Hence, 
isolator property doesn’t have a significant effect in steel 
girder bridge analyzed in this study. 
 Use of isolation system on a bridge causes significant 
increase in girder midspan moment in most of the load 
cases. The rate of increase fluctuates with the 
Ap,HOR/Ap,VERT ratio in a range of 0.8% to 9.5%. 
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A B S T R A C T 

In this paper, envelope analysis equations for two-span continuous girder bridges were 
presented by deriving the analysis equation for uniformly distributed loading, concen-

trated loading and moving loads (single and multiple wheel loads). Most bridge engi-

neers are using special software’s to find the moment, shear and deflection envelopes 

for bridge girder, the complexity for this analysis increasing with the number of spans, 

most of cases are one-span and two-span continuous bridge, the two-span continuous 

bridge is more complicated which was presented in this paper, the same methodology 

can be applied in one-span bridge. The objective of this paper was to give all the bridge 

engineers direct equations for complete analysis (moment, shear and deflection) for 

two-span continuous bridge with more accuracy than most bridge software’s by adapt-

ing continuous moving of wheel loads rather than using interval check distance to move 
the concentrated loads as in most of bridge software’s. Pinned end boundary condition 

was presented here. The results were showed that shear envelope, moment envelope 

and maximum envelope deflection values were obtained by direct equations for two-

span continuous girder bridges under single and multiple moving loads. 
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1. Introduction 

Earthquake analysis of the bridge design that won an 
international design competition, in which aesthetics 
played an important role.  (Wieland and Malla, 2015). In 
order to reflect this phenomena  analysis envelope equa-
tions (moment, shear and deflection) for two-span con-
tinuous girder bridge was derived on four stages, based 
on direct integration method that depends on solving 
linear equations to obtain the values of unknown inte-
gration constants coming from each integration process. 

The chain of integration processes starting from load-
ing to shear to moment to slope and finally to deflection, 
will produce one integration constant on each integra-
tion step, these unknown constants defines the analysis 
equations (moment, shear and deflection), the formula-
tion of solving equations based on geometry of bridge 
girder, loading and boundary conditions. 

The first stage was to derive the analysis equations for 
uniformly distributed loading, these loads mainly repre-
sent the own weight of bridge girder, super imposed 
dead loads and lane live loads. 

The first stage was to derive the analysis equations for 
uniformly distributed loading, these loads mainly repre-
sent the own weight of bridge girder, super imposed 
dead loads and lane live loads.  

The second stage was to derive the analysis equations 
for single concentrated load located in any specified lo-
cation for any value on each span. 

The third stage was to derive the envelope analysis 
equations for a single moving load based on the concen-
trated load analysis equations (second stage). 

The fourth stage was to derive the envelope analysis 
equations for multiple moving load based on envelope 
analysis equations for single moving load (third stage), 
the motion of moving load will be continuous in third 
and fourth stages giving more accurate results. 

 

2. Sign Convention 

Load downward was assumed to be positive, load up-
ward was negative, positive shear was upward, negative 
shear was downward, positive moment was concave 

tel:+966-59-9409355
fax:+962-79-6988920
mailto:daud_abdo@yahoo.com
http://dx.doi.org/10.20528/cjsmec.2015.07.025
http://cjsmec.challengejournal.com/
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down (tension at top), negative moment was concave up 
(compression at top), positive slope for counterclock-
wise rotation, negative slope for clockwise rotation, neg-
ative deflection was downward, positive deflection was 
upward. 
 

3. First Stage (Uniformly Distributed Load) 

The integration of uniformly load for each span gives 
a linear equation of shear, the integration of shear gives 
the second order polynomial equation for moment, the 
integration of moment gives slope equation as third or-
der polynomial, and finally the integration of this slope 
results in deflection equation as 4th polynomial order 
equation, as follows:   

𝑉1(𝑋) = 𝑊1 × 𝑋 + 𝐶1 , (1) 

𝑀1(𝑋) =
𝑊1×𝑋

2

2
+ 𝐶1 × 𝑋 + 𝐶2 , (2) 

𝜃1(𝑋) =
𝑊1×𝑋

3

6×𝐸𝐼
+

𝐶1×𝑋
2

2×𝐸𝐼
+

𝐶2×𝑋

𝐸𝐼
+

𝐶3

𝐸𝐼
 , (3) 

𝛥1(𝑋) =
𝑊1×𝑋

4

24×𝐸𝐼
+

𝐶1×𝑋
3

6×𝐸𝐼
+

𝐶2×𝑋
2

2×𝐸𝐼
+

𝐶3×𝑋

𝐸𝐼
+

𝐶4

𝐸𝐼
 , (4) 

𝑉2(𝑋) = 𝑊2 × 𝑋 + 𝐶5 , (5) 

𝑀2(𝑋) =
𝑊2×𝑋

2

2
+ 𝐶5 × 𝑋 + 𝐶6 , (6) 

𝜃2(𝑋) =
𝑊2×𝑋

3

6×𝐸𝐼
+

𝐶5×𝑋
2

2×𝐸𝐼
+

𝐶6×𝑋

𝐸𝐼
+

𝐶7

𝐸𝐼 
 , (7) 

𝛥2(𝑋) =
𝑊2×𝑋

4

24×𝐸𝐼
+

𝐶5×𝑋
3

6×𝐸𝐼
+

𝐶6×𝑋
2

2×𝐸𝐼
+

𝐶7×𝑋

𝐸𝐼
+

𝐶8

𝐸𝐼
 . (8) 

In these equations, W1 and W2 are the uniformly dis-
tributed load on span 1 and 2, respectively; C1 to C8 is the 
integration constants; X is the distance from start of span 
1 or 2 to required point of analysis; EI is the flexural reg-
istry of the span section, modulus of elasticity multiplied 
by moment of inertia around the moment axis; L1 and L2 
are span 1 and 2 lengths, respectively, 

Refer to Fig. 1 for loading, shear, moment, slope and 
deflection diagrams for two-span continuous girder 
bridges with uniformly distributed loads.

 

Fig. 1. Loading and analysis diagrams (shear, moment, slope and deflection) for uniformly distributed loading.  
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As shown, each integration process leads to one inte-
gration constant, the number of these unknown con-
stants is eight which equals to number of spans (two) 
multiplied by four (number of integration constants for 
each step), to solve these constants, same number of 
equations must be formulated based on geometry, load-
ing and boundary conditions as follows: 

Moment at end span 1 is equal the moment at start 
span 2 (moment continuity at support).  

𝑊1×𝐿1
2

2
+ 𝐶1 × 𝐿1 + 𝐶2 − 𝐶6 = 0 . (9) 

Slope at end of span 1 is equal the slope at start of 
span 2 (rotation continuity at support).  

𝑊1×𝐿1
3

6×𝐸𝐼
+ 

𝐶1×𝐿1
2

2×𝐸𝐼
+

𝐶2×𝐿1

𝐸𝐼
+

𝐶3

𝐸𝐼
−

𝐶7

𝐸𝐼
= 0 . (10) 

Deflection at end of span 1 is equal zero:  

𝑊1×𝐿1
4

24×𝐸𝐼
+ 

𝐶1×𝐿1
3

6×𝐸𝐼
+ 

𝐶2×𝐿1
2

2×𝐸𝐼
+

𝐶3×𝐿1

𝐸𝐼
+

𝐶4

𝐸𝐼
= 0 . (11) 

Deflection at end of span 2 is equal zero (pinned):  

𝑊2×𝐿2
4

24×𝐸𝐼
+ 

𝐶5×𝐿2
3

6×𝐸𝐼
+ 

𝐶6×𝐿2
2

2×𝐸𝐼
+

𝐶7×𝐿2

𝐸𝐼
+

𝐶8

𝐸𝐼
= 0 . (12) 

Moment at end of span 2 is equal zero (pinned):  

𝑊2×𝐿2
2

2
+ 𝐶5 × 𝐿2 + 𝐶6 = 0 . (13) 

Moment at start of span 1 is equal zero (pinned):  

𝑊1×0

2
+ 𝐶1 × 0 + 𝐶2 = 0 . (14) 

Deflection at start of span 1 is equal zero (pinned):  

𝑊1×0

24×𝐸𝐼
+ 

𝐶1×0

6×𝐸𝐼
+ 

𝐶2×0

2×𝐸𝐼
+

𝐶3×0

𝐸𝐼
+

𝐶4

𝐸𝐼
= 0 . (15) 

Deflection at start of span 2 is equal zero:  

𝑊2×0

24×𝐸𝐼
+ 

𝐶5×0

6×𝐸𝐼
+ 

𝐶6×0

2×𝐸𝐼
+

𝐶7×0

𝐸𝐼
+

𝐶8

𝐸𝐼
= 0 . (16) 

Solving these equations, will give the values of inte-
gration constants thus defines the analysis equations for 
each span as follows:  

𝐶1 =
3×𝑊1×𝐿1

3−𝑊2×𝐿2
3+ 4×𝑊1×𝐿1

2×𝐿2

8×𝐿1(𝐿2+𝐿1)
 , (17) 

𝐶2 = 0 , (18) 

𝐶3 =
𝑊1×𝐿1

3−4×𝐶1×𝐿1
2

24
 , (19) 

𝐶4   = 0 , (20) 

𝐶5 =
𝑊1×𝐿1

2+𝑊2×𝐿2
2−2×𝐶1×𝐿1

2×𝐿2
 , (21) 

𝐶6 =
2×𝐶1×𝐿1−𝑊1×𝐿1

2

2
 , (22) 

𝐶7 =
8×𝐶1×𝐿1

2−3×𝑊1×𝐿1
3

24
 , (23) 

𝐶8   = 0 . (24) 

 

4. Second Stage (Concentrated Loading) 

The location of concentrated load divides the span to 
two, a is the distance from start of span 1 or end of span 
2 to the location of this concentrated load of P value, the 
load within all three segments will be zero, thus the 
shear will be constant with a different value on each seg-
ment, the moment in turns to be linear, the slope is 2nd 
order polynomial equation and deflection is third order 
polynomial equation, as follows:  

𝑉1(𝑥) = 𝐶1 , (25) 

𝑀1(𝑥) = 𝐶1 × 𝑋 + 𝐶2 , (26) 

𝜃1(𝑥) =
𝐶1×𝑋

2

2×𝐸𝐼
+

𝐶2×𝑋

𝐸𝐼
+

𝐶3

𝐸𝐼
 , (27) 

𝛥1(𝑥) =
𝐶1×𝑋

3

6×𝐸𝐼
+

𝐶2×𝑋
2

2×𝐸𝐼
+

𝐶3×𝑋

𝐸𝐼
+

𝐶4

𝐸𝐼
 , (28) 

𝑉2(𝑥) = 𝐶5 , (29) 

𝑀2(𝑥) = 𝐶5 × 𝑋 + 𝐶6 , (30) 

𝜃2(𝑥) =
𝐶5×𝑋

2

2×𝐸𝐼
+

𝐶6×𝑋

𝐸𝐼
+

𝐶7

𝐸𝐼
 , (31)  

𝛥2(𝑥) =
𝐶5×𝑋

3

6×𝐸𝐼
+

𝐶6×𝑋
2

2×𝐸𝐼
+

𝐶7×𝑋

𝐸𝐼
+

𝐶8

𝐸𝐼
 , (32) 

𝑉3(𝑥) = 𝐶9 , (33) 

𝑀3(𝑥) = 𝐶9 × 𝑋 + 𝐶10 , (34) 

𝜃3(𝑥) =
𝐶9×𝑋

2

2×𝐸𝐼
+

𝐶10×𝑋

𝐸𝐼
+

𝐶11

𝐸𝐼
 , (35) 

𝛥3(𝑥) =
𝐶9×𝑋

3

6×𝐸𝐼
+

𝐶10×𝑋
2

2×𝐸𝐼
+

𝐶11×𝑋

𝐸𝐼
+

𝐶12

𝐸𝐼
 . (36) 

In these equations, V1(X), V2(X), V3(X) are the shear 
equations; M1(X), M2(X), M3(X) are the moment equa-
tions; θ1(X), θ2(X), θ3(X) are the slope equations; Δ1(X), 
Δ2(X), Δ3(X) are the deflection equations; C1-C12 are the 
integration constants in parts 1, 2 and 3, respectively. 

Refer to Fig. 2 for loading, shear, moment, slope and 
deflection diagrams for two-span continuous girder 
bridge with concentrated load. 
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Fig. 2. Loading and analysis diagrams (shear, moment, slope and deflection) for concentrated load.

Twelve unknown constants produced to define the 
analysis equation for three segments in two spans, 
twelve equations will be formulated to solve these con-
stants as follows: 

The difference of shear at the concentrated load is 
equal to P load value:   

𝐶1 − 𝐶5 = 𝑃 . (37) 

The moment at concentrated load is equal from two 
directions (moment continuity):  

𝐶1 × 𝑎 + 𝐶2 − 𝐶6 = 0 . (38) 

The slope at concentrated load is equal from two di-
rections (rotation equality):  

𝐶1×𝑎
2

2×𝐸𝐼
+ 

𝐶2×𝑎

𝐸𝐼
+

𝐶3

𝐸𝐼
−

𝐶7

𝐸𝐼
= 0 . (39) 

The deflection at concentrated load is equal from two 
directions:  

𝐶1×𝑎
3

6×𝐸𝐼
+ 

𝐶2×𝑎
2

2×𝐸𝐼
+

𝐶3×𝑎

𝐸𝐼
+

𝐶4

𝐸𝐼
−

𝐶8

𝐸𝐼
= 0 . (40) 

Moment is equal at interior support (moment conti-
nuity):  

𝐶5 × (𝐿1 − 𝑎) + 𝐶6 − 𝐶10 = 0 . (41) 

Slope is equal at interior support (rotation continuity):  

𝐶5×(𝐿1−𝑎)
2

2×𝐸𝐼
+ 

𝐶6×(𝐿1−𝑎)

𝐸𝐼
+

𝐶7

𝐸𝐼
−

𝐶11

𝐸𝐼
= 0 . (42) 

Deflection at the end of span 1 is equal zero (at sup-
port):  

𝐶5×(𝐿1−𝑎)
3

6×𝐸𝐼
+ 

𝐶6×(𝐿1−𝑎)
2

2×𝐸𝐼
+

𝐶7×(𝐿1−𝑎)

𝐸𝐼
  +

𝐶8

𝐸𝐼
= 0 . (43) 

Moment is equal zero at end of span 2 (pinned):  

𝐶9 × 𝐿2 + 𝐶10 = 0 . (44) 

Deflection at the end of span 2 is equal zero (at sup-
port):  

𝐶9×𝐿2
3

6×𝐸𝐼
+ 

𝐶10×𝐿2
2

2×𝐸𝐼
+

𝐶11×𝐿2

𝐸𝐼
+

𝐶12

𝐸𝐼
= 0 . (45) 
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Moment is equal zero at start of span 1 (pinned):  

𝐶1 × 0 + 𝐶2 = 0 . (46) 

Deflection at the start of span 1 is equal zero (at sup-
port):  

𝐶1×0

6×𝐸𝐼
+ 

𝐶2×0

2×𝐸𝐼
+

𝐶3×0

𝐸𝐼
+

𝐶4

𝐸𝐼
= 0 . (47) 

Deflection at the start of span 2 is equal zero (at sup-
port):  

𝐶9×0

6×𝐸𝐼
+ 

𝐶10×0

2×𝐸𝐼
+

𝐶11×0

𝐸𝐼
+

𝐶12

𝐸𝐼
= 0 , (48) 

In these equations, a is the distance between start of 
span 1 to location of concentrated load if it is in span 1 or 
the distance between end of span 2 to location of concen-
trated load if it is in span 2 and P is the concentrated load. 

Solving these equations will give the values of these 
constants as follows: 

𝐶1 = 𝑃 × [
𝑎3 –𝑎(3𝐿1

2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1] , (49)  

𝐶2 = 0 , (18) 

𝐶4 = 0 , (20) 

𝐶10 = 𝑎 × 𝐶1 + (𝐶1 − 𝑃) × (𝐿1 − 𝑎) , (50) 

𝐶5 = 𝐶1 − 𝑃 , (51) 

𝐶6 = 𝑎 × 𝐶1 , (52) 

𝐶9 =
−𝑎×𝐶1−(𝐶1−𝑃)×(𝐿1−𝑎)

𝐿2
 , (53)

𝐶3 =
−3𝑎2𝐶1−3×(𝐿1−𝑎)

2×(𝐶1−𝑃)−6×𝑎×𝐶1(𝐿1−𝑎)−2×𝐿2×𝑎×𝐶1−2𝐿2×(𝐶1−𝑃)×(𝐿1−𝑎)

6
 , (54) 

𝐶11 =
−𝐿2×𝑎×𝐶1−𝐿2×(𝐶1−𝑃)×(𝐿1−𝑎)

3
 , (55) 

𝐶12 = 0 , (56) 

𝐶7 =
−3×(𝐿1−𝑎)

2×(𝐶1−𝑃)−6×𝑎×𝐶1(𝐿1−𝑎)−2×𝐿2×𝑎×𝐶1−2×𝐿2×(𝐶1−𝑃)×(𝐿1−𝑎)

6
 , (57) 

𝐶8 =
2×(𝐿1−𝑎)

3×(𝐶1−𝑃)+3×𝑎×𝐶1×(𝐿1−𝑎)
2+2×𝐿2×𝑎×𝐶1×(𝐿1−𝑎)+2𝐿2×(𝐶1−𝑃)×(𝐿1−𝑎)

2

6
 . (58)

5. Third Stage (Single Moving Load) 

In this section, the analysis envelope equations were 
derived for single moving load for each span based on 
the analysis equations for a single concentrated load de-
rived in previous section, the motion of load in span 1 
starts from beginning of span 1 to end of span 1, the mo-
tion of load in span 2 starts from end of span 2 to begin-
ning of span 2 as shown in Fig. 3. 

5.1. Shear envelope equations 

The maximum shear at any point in a span length 
when single concentrated load is moving on that span oc-
curs when moving load acts on that point, the maximum 

positive and negative shear at any point is equal the pos-
itive and negative shear of the single concentrated load 
at this point, which means C1 (Eq. (49)) at this point for 
maximum positive shear, and C5 (Eq. (51)) at the same 
point for maximum negative shear, replacing a  (location 
of concentrated load) with X as follows:  

𝑃𝑉𝐸1(𝑋) = 𝑃 × [
𝑋3−𝑋×(3×𝐿1

2+2×𝐿1×𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1] , 

0 ≤ 𝑋 ≤ 𝐿1 ,  (59) 

𝑁𝑉𝐸1(𝑋) = 𝑃 × [
𝑋3−𝑋×(3×𝐿1

2+2×𝐿1×𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

] ,  

0 ≤ 𝑋 ≤ 𝐿1 .  (60) 

 
Fig. 3. Single moving load diagram. 
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The same equations are applicable in span 2 but re-
placing L1 with L2, and vice versa, X start from zero (end 
of span 2) to L2 (start of span 2) as follows:  

𝑃𝑉𝐸2(𝑋) = 𝑃 × [
𝑋3−𝑋×(3×𝐿2

2+2×𝐿1×𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1] , 

0 ≤ 𝑋 ≤ 𝐿2 ,  (61) 

𝑁𝑉𝐸2(𝑋) = 𝑃 × [
𝑋3−𝑋×(3×𝐿2

2+2×𝐿1×𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

] ,  

0 ≤ 𝑋 ≤ 𝐿2 .  (62) 

In these equations, PVE1(X) is the positive shear enve-
lope equation for span 1; NVE1(X) is the negative shear 
envelope equation for span 1; PVE2(X) is the positive 
shear envelope equation for span 2; NVE2(X) is the nega-
tive shear envelope equation for span 2. 

Refer to Fig. 4 for Positive and negative shear enve-
lope diagrams for both spans with single moving load. 

5.2. Moment envelope equations 

The maximum negative moment (downward) in each 
span at any point occurs when moving load acts on that 
point, replacing a with X in the moment equation for con-
centrated load at any point will give the moment enve-
lope equation as 4th degree polynomial equation for each 
span as follows:  

𝑁𝑀𝐸1(𝑋) = 𝑃 × 𝑋 × [
𝑋3 –𝑋(3𝐿1

2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1] , 

0 ≤ 𝑋 ≤ 𝐿1 ,  (63) 

𝑁𝑀𝐸2(𝑋) = 𝑃 × 𝑋 × [
𝑋3 –𝑋(3𝐿2

2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1] ,  

0 ≤ 𝑋 ≤ 𝐿2 .  (64) 

In these equations, NME1(X) is the negative moment 
envelope equation in for span 1 and NME2(X) is the neg-
ative moment envelope equation in for span 2.

 

Fig. 4. Shear envelope diagram for single moving load.

The maximum positive moment will occur generally 
when the concentrated load acts on the other span. In 
case of equal span lengths (L1=L2),the positive moment 
envelope equation will be line extending from the maxi-
mum positive moment at interior support (MPMIS) due 
to moving load to the end of span (zero moment at 
pinned) based on the shape of positive moment equation 
for the concentrated load on the another span, by Re-
placing a with X in the moment equation for concen-
trated load at the location of interior support, refer to  
Eq. (34), and derive this equation according to X , equal 
this equation by zero to find the X which gives the loca-
tion of moving load that producing the maximum posi-
tive moment at interior support, substituting this value 
in previous equation (Eq. (34)) will give the maximum 

positive moment at interior support. Thus defines the 
positive moment envelope equation as follows: 

If  𝐿1 = 𝐿2 = 𝐿 ,   

𝑎 =
𝐿

√3
 , (65) 

𝑀𝑃𝑀𝐼𝑆 =
𝐿×𝑃

6×√3
  , (66) 

where, MPMIS is the maximum positive moment at inte-
rior support. 

Refer to Fig. 5 for positive and negative moment en-
velope diagram for both spans with single moving load 
for equal span case.

 

Fig. 5. Moment envelope diagram for single moving load when L1=L2. 
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In case of unequal spans, the positive moment enve-
lope equation is divided into two lines on the longer span 
and one line for shorter span, due to that maximum pos-
itive moment at interior support on longer span will 
come from moving load on the same span not on the 
other one, the derivation of maximum positive moment 
at interior support (MPMIS) is derived as discussed 
above when moving load acts on the longer span only, 
the derivation of the maximum positive moment near 
the interior support on the longer span (MPMNIS) is the 
same as in equal span case when moving load acts on 
shorter span only, by deriving these values, the location 
of intersection of two positive moment line equations 
(POI) can be found as follows:  

If  𝐿1 > 𝐿2 , 

𝑎 =
𝐿1
√3

 , (67) 

𝑀𝑃𝑀𝐼𝑆 =
𝐿1×𝑃

6×√3
  , (68) 

𝑀𝑃𝑀𝑁𝐼𝑆 =
𝐿1
2×𝑃

3×√3×(𝐿1+𝐿2)
 , (69) 

𝑃𝑂𝐼 =

𝐿1
4−𝐿2

4

3×√3×(𝐿1
3+ 𝐿2×𝐿1

2
)

3×(3×𝐿1+2×𝐿2)−𝐿1
6×√3×(𝐿1+𝐿2)

−
2×𝐿2

2

6×√3×𝐿1×(𝐿2+2×𝐿1)

 , (70) 

where, MPMNIS is the maximum positive moment near 
interior support; POI is the point of intersection. 

Refer to Fig. 6 for positive and negative moment en-
velope diagram for both spans with single moving load 
when L1 > L2. 

If  𝐿1 < 𝐿2 , 

𝑎 =
𝐿2
√3

 , (71) 

𝑀𝑃𝑀𝐼𝑆 =
𝐿2×𝑃

6×√3
  , (72) 

𝑀𝑃𝑀𝑁𝐼𝑆 =
𝐿2
2×𝑃

3×√3×(𝐿1+𝐿2)
 , (73) 

𝑃𝑂𝐼 =

𝐿2
4−𝐿1

4

3×√3×(𝐿2
3+ 𝐿1×𝐿2

2
)

3×(3×𝐿2+2×𝐿1)−𝐿2
6×√3×(𝐿1+𝐿2)

−
2×𝐿1

2

6×√3×𝐿2×(𝐿1+2×𝐿2)

 . (74) 

Refer to Fig. 7 for Positive and negative moment en-
velope diagram for both spans with single moving load 
when L1 < L2. 

5.3. Maximum envelope deflection 

During load moving, the maximum deflection at each 
point occurs when slope (θ) is equal zero, there is only 
one point on each span where maximum deflection oc-
curs at same location of moving load, this point will be 
called point of maximum envelope deflection (PMED), 
this point divides the span into two parts, the first one, 
where the maximum deflection occurs after any re-
quired point in that part, the second part, where the 
maximum deflection occurs before any required point in 
that part, the maximum envelope deflection at each span 
occurs at the point of maximum envelope deflection 
(PMED).

 

Fig. 6. Moment envelope diagram for single moving load when L1>L2. 

 
Fig. 7. Moment Envelope diagram for single moving load when L1<L2. 
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The PMED occurs at the location of moving load where the slope value is equal zero under this load, this can be 
derived by equaling the slope equation at moving load location a by zero, the following demonstration is for span 1:    

𝜃1 =
𝐶1×𝑎

2

2×𝐸𝐼
+
𝐶2×𝑎

𝐸𝐼
+
𝐶3
𝐸𝐼
= 0 , (75) 

3×𝑎×𝑃×𝐿1
3+3×𝑎3×𝑃×𝐿1+4×𝐿1

2×𝐿2×𝑃×𝑎+2×𝑎
3×𝑃×𝐿2−6×𝑎

2×𝐿1
2×𝑃−6×𝑎2×𝑃×𝐿2×𝐿1

12×𝐿1
2+12×𝐿1×𝐿2

− 
𝑎2×𝐶1

2
= 0 , (76) 

𝑎×[12×𝑎2×𝑃×𝐿1
2+8×𝑎2×𝑃×𝐿1×𝐿2−12×𝐿1

3×𝑃×𝑎−12×𝑎×𝑃×𝐿2×𝐿1
2+3×𝑃×𝐿1

4+4×𝐿1
3×𝐿2×𝑃−3×𝑎

4×𝑃]

12×𝐿1
3+12×𝐿1

2×𝐿2
= 0 , (77)

Solving this equation to obtain the location of PMED 
directly is hard, instead of that, the variable a will be re-
placed with R1×L1 and L2 with R2×L1.   

𝑅1 =
𝑎

𝐿1
 , (78) 

𝑅2 =
𝐿2

𝐿1
 , (79) 

where, R1 is the ratio between the location of moving 
load (a) and span 1 length (L1); R2 is the ratio of span 2 
length (L2) with span 1 length (L1). 

Converting the above equation into following form:   

𝑌 = 𝐿1
4 × [12 × 𝑅1

2 + 8 × 𝑅1
2 × 𝑅2 − 12 × 𝑅1 − 12 ×

         𝑅1 × 𝑅2 + 3 + 4 × 𝑅2 − 3 × 𝑅1
4] . (80) 

Substituting R2 with a range of values from 0.1 to 10, 
and finding the intersection of Y curve with X-axis for 
each value of R2 to find the value of R1 that makes the 
above equation is zero, arranging R1 values with R2 val-
ues, gives a curve that defines the relationship between 
span 1 length to span 2 length ratio (R2) and the location 
of PMED as a ratio of span length where deflection is to 
be calculated (R1), substituting this value in a parameter 
in deflection equation (Eq. (28) or Eq. (32))for concen-
trated load to obtain the value of PMED.  

Refer to Fig. 8 for relationship of R2 (X-axis) with R1 (Y-
axis) for location of point of maximum deflection (PMED). 

The same equations and curve used to derive the 
point of maximum envelope deflection PMED in span1 
was used in span 2 by replacing L1 with L2 and vice versa 
as follows:   

𝑅1 =
𝑎

𝐿2
 , (81) 

𝑅2 =
𝐿1

𝐿2
 . (82) 

In case of equal span length (L1=L2=L), R1 is equal 
0.46875, Substituting a=0.46875×L in X and a in Eq. (28) 
or Eq. (32) (and in corresponding integration constants 
equations) gives the same value of PMED for both spans 
1 and 2. 

 

Fig. 8. Relationship between R2 and R1 for single mov-
ing load. 

6. Fourth Stage (Multiple Moving Load) 

In this stage, Analysis envelope equations for multiple 
loads will be derived based on the single load deriva-
tions, refer to Fig. 9 for three moving loads diagram.

 

Fig. 9. Three moving loads diagram. 
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6.1. Shear envelope equations 

The maximum positive shear at any point in span 1 due to moving of multiple loads occurs when the last load (P3) 
acts on it as follows:   

𝑃(𝑋) = ∑ 𝑃𝑁 ×
𝑀
𝑁=1 [

(𝑋+∑ 𝑆𝑁
𝑀−1
𝑁 )

3
−(𝑋+∑ 𝑆𝑁

𝑀−1
𝑁 )×(3×𝐿1

2+2×𝐿1×𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]   ,   0 ≤ 𝑋 ≤ 𝐿1 . (83) 

The maximum negative shear at any point in span 1 due to moving of multiple loads occurs when the first load acts 
(P1) on it as follows:   

𝑁𝑉𝐸1(𝑋) = ∑ 𝑃𝑁 ×
𝑀
𝑁=1 [

(𝑋−∑ 𝑆𝑁
𝑁−1
1 )

3
−(𝑋−∑ 𝑆𝑁

𝑁−1
1 )×(3×𝐿1

2+2×𝐿1×𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

]   ,   0 ≤ 𝑋 ≤ 𝐿1 . (84) 

The maximum positive shear at any point in span 2 due to moving of multiple loads occurs when the first load (P1) 
acts on it as follows:   

𝑃𝑉𝐸2(𝑋) = ∑ 𝑃𝑁 ×
𝑀
𝑁=1 [

(𝑋+∑ 𝑆𝑁
𝑁−1
1 )

3
−(𝑋+∑ 𝑆𝑁

𝑁−1
1 )×(3×𝐿2

2+2×𝐿1×𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1]   ,   𝐿2 ≥ 𝑋 ≥ 0 . (85) 

The maximum negative shear at any point in span 2 due to moving of multiple loads occurs when the last load (P3) 
acts on it as follows:   

𝑁𝑉𝐸2(𝑋) = ∑ 𝑃𝑁 × [
(𝑋−∑ 𝑆𝑁

𝑀−1
𝑁 )

3
−(𝑋−∑ 𝑆𝑁

𝑀−1
𝑁 )×(3×𝐿2

2+2×𝐿1×𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

]𝑀
𝑁=1    ,   𝐿2 ≥ 𝑋 ≥ 0 . (86) 

In these equations, PVE1(X) is the positive shear envelope equation for span 1; NVE1(X) is the negative shear enve-
lope equation for span 1; PVE2(X) is the positive shear envelope equation for span 2; NVE2(X) is the negative shear 
envelope equation for span 2; SN is the distance between N wheel axis loads; PN is the wheel axial load number N; M is 
the total number of wheel loads. 

6.2. Moment envelope equations 

The maximum negative moment at each point on both spans, occur when one of any multiple moving load acts on 
it due to moment diagram shape for multiple concentrated load (vertex of moment diagram), for demonstration, three 
moving loads (most general wheel load, truck load) were taken, and accordingly the negative moment envelope equa-
tions were developed. 

The maximum negative moment at any point on span length can be caused by one of the three moving loads acting 
on it directly, three moment envelope equations were developed by taking each load acting on required point, the 
other loads will add moment to this point according to their value and relative location to demonstrate moving load 
(Distance between moving loads, axis distance), each distance interval on each span, one of the three negative moment 
envelope equation will be maximum, thus the resultant negative moment envelope equation is the maximum of the 
three developed negative moment envelope equation at any point as follows (0 ≤ 𝑋 ≤ 𝐿1):   

𝑁𝑀𝐸1𝑃1(𝑋) = 𝑋 ×

{
 
 

 
 𝑃1× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]+ 𝑃2× [
(𝑋−𝑆1)

3 –(𝑋−𝑆1)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+1]

+𝑃3 × [
(𝑋−𝑆1−𝑆2)

3 –(𝑋−𝑆1−𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 , (87) 

𝑁𝑀𝐸1𝑃2(𝑋) = 𝑋 ×

{
 
 

 
 𝑃2× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]+ 𝑃1× [
(𝑋+𝑆1)

3 –(𝑋+𝑆1)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+1]

+𝑃3 × [
(𝑋−𝑆2)

3 –(𝑋−𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 , (88) 

𝑁𝑀𝐸1𝑃3(𝑋) = 𝑋 ×

{
 
 

 
 𝑃3× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]+ 𝑃2× [
(𝑋+𝑆2)

3 –(𝑋+𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+1]

+𝑃1 × [
(𝑋+𝑆1+𝑆2)

3 –(𝑋+𝑆1+𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿1
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 . (89) 
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In these equations, NME1P1(X) is the negative moment envelope equation for span 1 as load P1 is the main load; 
NME1P2(X) is the Negative moment envelope equation for span 1 as load P2 is the main load; NME1P3(X) is the Negative 
moment envelope equation for span 1 as load P3 is the main load; P1, P2, P3 are the moving loads (represent vehicle 
axis loads); S1, S2 is the distance between P1 and P2, the distance between P2 and P3 respectively. 

The same concept applied in span 2, by replacing L1 with L2 and vice versa, as follows (0 ≤ 𝑋 ≤ 𝐿2):   

𝑁𝑀𝐸2𝑃1(𝑋) = 𝑋 ×

{
 
 

 
 𝑃1× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]+ 𝑃2× [
(𝑋+𝑆1)

3 –(𝑋+𝑆1)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]

+𝑃3 × [
(𝑋+𝑆1+𝑆2)

3 –(𝑋+𝑆1+𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 , (90) 

𝑁𝑀𝐸2𝑃2(𝑋) = 𝑋 ×

{
 
 

 
 𝑃2× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]+ 𝑃1× [
(𝑋−𝑆1)

3 –(𝑋−𝑆1)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]

+𝑃3 × [
(𝑋+𝑆2)

3 –(𝑋+𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 , (91) 

𝑁𝑀𝐸2𝑃3(𝑋) = 𝑋 ×

{
 
 

 
 𝑃3× [

𝑋3 –𝑋(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]+ 𝑃2× [
(𝑋−𝑆2)

3 –(𝑋−𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+1]

+𝑃1 × [
(𝑋−𝑆1−𝑆2)

3 –(𝑋−𝑆1−𝑆2)×(3𝐿1
2+2𝐿1𝐿2)

2×𝐿2
2×(𝐿1+𝐿2)

+ 1]
}
 
 

 
 

 . (92)

For the positive moment envelope equation for multi-
ple moving loads, another approach was followed which 
is to consider the location of multiple loads as the same 
of the location of centroid of these loads, to calculate the 
maximum positive moment at interior support (MPMIS), 
centroid of multiple loads put on a distance as given by 
Eqs. (65), (67) or (71) depending which span is longer, 
MPMIS is equal the sum of moments caused by each load 
on their specific location as described in moment equa-
tion of concentrated load case, to calculate the maximum 
positive moment near interior support (MPMNIS), the 
centroid of multiple load put on POI as defined in Eqs. 
(70) or (74) according to span length case. MPMNIS is 
equal the sum of moments caused by each load on their 
specific location according to moment equation for con-
centrated load case. 

6.3. Maximum envelope deflection 

To calculate the maximum envelope deflection for 
multiple moving load, the centroid of these loads are put 
on the point of maximum envelope deflection (PMED) as 
shown in section 5.3 according to span length case, then 
the deflection was calculated by summing the deflection 
caused by each load on their specified location at PMED 
point as shown in deflection equations for concentrated 
load. 

 

7. Conclusions 

Bridge engineers can follow the equations presented 
in this paper to conduct complete analysis for two-span 
continuous girder bridge in uniformly distributed load-
ing and wheel loading for any number of axis loads with-
out using a software with more accuracy, making the 
bridge girder analysis more practical and accurate. 

The future challenge in this field is to find direct anal-
ysis envelope equations for girder bridges with more 
than two spans with wider boundary conditions such as 
support settlement or deformation in the bearing pad.  
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A B S T R A C T 

Sakarya, one of the biggest cities in the Marmara prefecture, with 835 thousand pop-
ulation has suffered severe damages due to the North Anatolian Fault System (NAFS) 

which is a major active right lateral-moving fault in northern Anatolia running along 

the tectonic boundary between the Eurasian Plate and the Anatolian Plate. One of the 

biggest disasters was on 17 August 1999 Izmit earthquake with Mw 7.4. The occur-

rence and the source information of huge events in the region indicate that an earth-
quake is expecting in near future from the underneath of the Marmara Sea. Therefore, 

this seismically vulnerable city needs urgent strong motion prediction and reliable 

Earthquake Early Warning System. The city is preparing now for further NAFS earth-

quakes and it is essential to inform society about the warning time of a possible im-

minent earthquake so that precautionary actions can be taken by the government 

officials, companies and individuals. This study highlights available warning time for 

the city. Warning time is calculated by considering the theoretic P- and S- wave ve-

locities for Marmara region. Results indicate that Sakarya will have approximately 

37.9 second in average with 7.4 second standard deviation before the arrival of 

strong shaking to the city. 
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1. Introduction 

The Marmara region, north-east of Turkey, is 
bounded by approximately longitudes of 26° to 31° and 
latitudes of 40° to 41°30’. It has a number of structural 
highlands and basins such as the Kocaeli, Strandja, Rhod-
ope, Ganos, Gelibolu, Kapıdağ, Uludağ and Armutlu 
blocks and the intervening fault-controlled basins to sea 
ways, such as the Izmit-Sapanca, Adapazarı, Geyve, İznik, 
Gemlik, İnegöl, Bursa, Saros and Ergene basins, the Sea 
of Marmara, and the Dardanelles to Bosphorus.  

Seismicity of the Marmara region is comparatively 
high as pointed out by both the historical and recent dev-
astative earthquakes. 18 historical earthquakes with in-
tensities of IX to X in the period of 29 AD to 1894, and 13 
recent earthquakes with magnitudes of 6.1 to 7.4 in the 
period of 1912 to 1999 occurred in the Marmara region. 

These statistics correspond to the occurrence of an ap-
proximately 1/100 years historical and 1/7 years recent 
destructive earthquakes in the Marmara region 
(Koçyiğit, 2000). Since, more or less one to fourth of Tur-
key’s population and most of industry are built-in in this 
region, this high rate of seismicity has a critical im-
portance for the earthquake hazard (Fig. 1). The high 
seismicity and earthquake hazard is due to two contem-
poraneous neotectonic regimes and related structures in 
the region. These are the strike-slip and extensional ne-
otectonic regimes characterized by a right lateral strike-
slip fault system (the western section of NAFS) and an 
oblique-slip normal fault zone (Le Pichon et al., 2001).  

In both historical and instrumental periods, various 
fault segments mainly both the North Marmara sub-fault 
system to the South Marmara sub-fault system reac-
tivated and resulted in large devastative earthquakes. All 
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of these fault segments are capable to produce large and 
destructive earthquakes and they could be sources of 
near future earthquakes in the Marmara region 
(Koçyiğit, 2000). 

One of the largest disasters was on 17 August 1999 
Golcuk earthquake with Mw 7.4. The occurrence of huge 
events in the area indicate that a likely earthquake is 
forthcoming in near future from the underneath of the 
Marmara Sea. Adapazari, located between Duzce and 

Golcuk, affected the most from the last catastrophe. It is 
expected that the next earthquake also will cause enor-
mous consequences. This seismically vulnerable city 
needs urgent reliable Earthquake Early Warning System. 
The city is preparing now for further NAFS earthquakes 
and it is essential to inform society about the warning 
time of a possible imminent earthquake so that precau-
tionary actions can be taken by the government officials, 
companies and individuals.

 

Fig. 1. Active faults segments at Marmara region with long-term seismic gaps (Emre et al., 2013).

Early warning systems give warnings of upcoming 
danger by rapid estimation of the earthquake source pa-
rameters such as magnitude and epicenter (Kuyuk and 
Allen, 2013a). To do so, systems use the capability of 
modern real-time systems to process and transmit infor-
mation faster than seismic wave’s propagation (up to 8 
km/s). The possible warning time is usually in the range 
of up to 70 seconds (in Mexico), depending on the dis-
tances between seismic source, seismic sensor and user 
sites (Bose et al., 2014; Kuyuk et al., 2013b).  

There have been several expressions used in the liter-
ature for this time interval, namely warning time. Vari-
ous authors used “Alert time”, “Warning time”, “Availa-
ble time” in different meanings but the same intentions 
(Cua and Heaton, 2007). Another difference is the con-
siderations about occurrence of S wave or peak ground 
motion as a start of strong shaking. Generally “alert time” 
is defined as onset of P-wave in a nearest station to the 
fault. The warning time is then the difference between 
the alert time and the estimated time of S wave for a 
given location need to be alerted (Kuyuk and Allen, 
2013b).  

In this study, the available time analysis of likely up-
coming offshore earthquake from Marmara Sea is inves-
tigated. Available time analysis is performed for Sakarya 
city by theoretical P- S- wave velocities using three loca-
tions Gebze, Kocaeli and Sakarya. P-P wave and S-S wave 
time difference between near and far sites also investi-
gated. This study could contribute valuable information 
to public and seismic hazard studies. 

2. Methodology 

The available warning time of an earthquake ∆𝑡 can 
be defined by the time interval between the detection of 
the P-wave by a sensor in near field and the arrival of 
energy carrying S-waves at the user site. The epicentral 
distance 𝐸𝑢𝑠𝑒𝑟 of the first detection site, 𝐸𝑢𝑠𝑒𝑟 of the user 
site and focal depth of earthquake z, the warning time ∆𝑡 
can be estimated by  

∆𝑡 =
√(𝐸𝑢𝑠𝑒𝑟

2 +𝑧2)

𝑣𝑠
−

√(𝐸𝑠𝑒𝑛𝑠𝑜𝑟
2 +𝑧2)

𝑣𝑝
− 𝑡𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 − 𝑡𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑜𝑛  , (1) 

where vp and vs are the P and S-wave average velocities 
and 𝑡𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛  , 𝑡𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑜𝑛  are the time needed for deci-
sion of data processing and data transmission times. 
These two times are separated here to indicate that 
transmission is more related to technological problem 
where decision time is related how the decision maker 
wants to sure the level of earthquake destructivity.  

The warning time depends mainly on two factors: the 
relative distance of stations to epicenter and velocity of 
the waves in the region and technical/decisional factors 
(Horiuchi et al., 2005). The alert of a P wave is generally 
available after 0.2 seconds of waveform reach the near-
est station. Processing delay is assumed as 0.4 seconds 
(Kuyuk and Motosaka, 2009). This is stands for the 
transmission of waveform from nearest station to oper-
ation center of network.  
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Current seismic infrastructure with the development 
of communication technology develops a variable packet 
for the packetization of waveform data so that delay de-
creased to the insignificant level. The transmission of 
data to the processing center is generally less than 0.2 
second (Motosaka et al., 2008). The processing time for 
the transmission can be negligible due to high perfor-
mance computers.  

P and S-wave average velocities (vp and vs) are depend 
on soil structure of earth. Travel time tables for different 
waves and paths (P, S, PS, PP etc.) through the earth were 
obtaining repeated observations. Various studies have 
been done to find out the velocities of P and S wave for 
the Marmara region due to the attractive and complex 
structure. The crustal structure and velocity variations 

in the crust have been examined by using the earthquake 
and controlled source data with different methods. The 
review of these studies has been done by Kalafat et al. 
(1987) and Küleli et al. (1996). It was assumed that av-
erage S-wave velocity is 3.69 km/sec and average P-
wave velocity is 5.8 km/sec based on previous studies in 
the region. 

Assurance and accuracy of the hazard prediction in-
creases with time after an earthquake, while the time of 
available warning decreasing. Therefore it is important 
to calculate the probability of available time in a region 
where destructivity earthquakes are most likely hap-
pens. Here I assessed the distribution of warning times 
for many likely earthquakes in Marmara offshore earth-
quakes of Turkey (Fig. 2). 

 
Fig. 2. Bathymetric map of the Marmara Trough with the main active structures (Le Pichon et al., 2001). 

(Main active faults are shown by thick black lines. The width of the lines refers to the relative importance of the faults.)

A window bounded by 40.6 - 40.9 latitude and 27. 5 -
29.5 degrees longitude was considered for the earth-
quake source. Sources were located with a time interval 
between 0.1 degree (about 11 km) in latitude and longi-
tude and 10 to 30 km in depth with 10 km interval 
depths (three layers, Fig. 3 and Fig. 4) based on point 
source assumption. Therefore in the simulation there 
were totally 252 earthquake considered in the source 
area. Two stations GBZ, IZT, (the nearest inland points of 
strong ground motion network in the region) and SKR, 
located in Sakarya city were investigated for the availa-
ble time analysis (Fig. 2, Table 1). These stations are op-
erated by strong ground motion network, Disaster and 
Emergency Management Presidency (AFAD) Turkey. It 
was assumed that stations are providing online wave-
form as earthquake early warning system. 

 

3. Results and Discussions 

I investigated the onset time differences of P-wave be-
tween Gebze (GBZ) / Izmit (IZT) and Sakarya (SKR) (Fig. 

5). This shows how many seconds it takes P-wave to 
arrive Sakarya after passing GBZ or IZT. GBZ station is 
closer to source area than IZT station. Therefore time dif-
ference for GBZ is much higher than the IZT station (Fig. 
5(a-b)). Hypocenteral distances are the distance be-
tween GBZ station and the earthquake point source. Af-
ter 100 km, the time difference of P-wave arrivals comes 
to a constant interval between 17 to 18 seconds. Time 
variance is large for the near source earthquake (varies 
between 12 to 17 seconds).  The results in Fig. 5(b) show 
the same patterns with smaller time values due to 
smaller relative distance between IZT and SKR station. 
As a result there is minimum 7.8 seconds between onsets 
of P-waves. 

Table 1. The coordinates of investigated stations. 

Station Code Longitude Latitude 

GBZ 29.45003 40.78627 

IZT 29.91721 40.76650 

SKT 30.38005 40.73707 
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Fig. 3. The Marmara Sea and environment. Location of three stations; Sakarya (SKR), Izmit/Kocaeli (IZT), 
Gebze/Kocaeli (GBZ). 

(Dots are the location of point source earthquakes. Star indicates the Golcuk/Izmit earthquake.) 
 

 

 

 

 

 

 

Fig. 4. The Marmara Sea and environment in 3D. Layers shows the interval of assumed point source earthquakes.

The arrivals of S-waves are calculated between 
GBZ/IZT and SKR stations (Fig. 6). Horizontal axis shows 
the hyponcentral distance from GBZ station. We ob-
served same pattern as previous P-P wave analysis. 
There is minimum 18 seconds for Sakarya available after 
the S waves hit the GBZ station. In addition, there is min-
imum 12.4 seconds after detection of S-wave in Izmit to 
reach Sakarya city. Therefore there would be considera-
ble warning time for Sakarya even after S wave detection 
in Izmit. 

The available time for Sakarya according to Eq. (1) by 
assuming transmission and process time is zero, are 
shown in Fig. 7. Same as above, available times are as a 

function of hypocentral distance to GBZ station. The 
available time increase almost linearly with distance. 
The minimum available time is 21.9 seconds and maxi-
mum is 49.5 seconds where the average is the 37.9±7.4 
seconds (Fig. 7(a)). By omitting GBZ station and assum-
ing IZT station is the only one station, the minimum 
available time is 18 seconds and maximum is the 40.6 
seconds with the average 29.5±6.7 seconds.  

Although I dismissed the time needed to solve source 
parameters of an earthquake, there will be sufficient 
time to warn the Sakarya city. Because in existing net-
work based earthquake early warning systems such as 
California ShakeAlert EEWS, 8 seconds in averages is 
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needed in order to find the source parameters of an 
earthquake (Kuyuk et al., 2014). On the other hand the 
EEWS of Japan gives the earthquake source information 
less than 6 second in averages after detection of earth-

quake (Kuyuk et al., 2008). Therefore even the pro-
cessing and transmission times are subtracted from 
available times, remaining seconds are promising for a 
threshold based early warning systems.

 

Fig. 5. The time difference of arrival of P-waves for two stations a) GBZ to SKR b) IZT to SKR. 

 

Fig. 6. The time difference of arrival of S-waves for two stations a) GBZ to SKR b) IZT to SKR. 

 

Fig. 7. The available time for Sakarya city. Time difference onset of P wave of a) GBZ b) IZT and S wave arrival to SKR 
stations. Hypocenteral distance are from GBZ stations.  
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One of the semiconductor companies in Miyagi Pre-
fecture, Japan declared that they have a capability to stop 
their product line in their factory in three seconds 
(Kuyuk et al., 2008). Therefore for similar companies lo-
cated in Sakarya city would be able to stop the produc-
tion in any case of Marmara offshore earthquakes based 
on this study. About 30 seconds of available time would 
be sufficiently enough in order take some important 
countermeasures against expecting Marmara earth-
quake.  

The conducted analysis in this study is fundamental 
research based on theoretic P and S wave velocities. The 
warning times might change by assuming different ve-
locities.  More detailed analysis is needed based on real 
recorded waveforms in order to validate theoretical re-
sults. However similar studies should be performed for 
other cities in earthquake prone region. 

 

4. Conclusions 

Over the earthquake history of Northwestern Turkey, 
Marmara region has been the site of several destructive 
earthquakes. It would be possible to inform individuals, 
government and the private companies about the warn-
ing time of next Marmara offshore earthquake if the city 
has an earthquake early warning system. Moreover, pre-
cautionary actions could be taken by the society and gov-
ernment for the next probable upcoming earthquake. 
Citizens living in their habitats could prepare themselves 
mentally and physically by real-time earthquake early 
warning system. Government could prepare real-time 
disaster prevention strategies for the city. For this pur-
pose, the available time analysis performed for Sakarya 
City against approaching Marmara offshore earthquakes 
by using the existing seismic network geometry is pre-
sented in this study. Warning times are determined us-
ing the theoretic P- and S- wave velocities for Marmara 
region. Results indicate that Sakarya has about 37.9±7.4 
second warning time in average before the strong shak-
ing reach the city. 
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A B S T R A C T 

In this study, a computer program, which employs modified grid search optimization 
technique, has been developed for the minimum weight of prestressed concrete 

beams under flexure. Optimum values of prestressing force, eccentricity and cross-

sectional dimensions are determined subject to constraints on the design variables 

and stresses. The developed computer program offers a rapid practical and interactive 

method for realizing optimum design of beams of general I-shaped cross-section with 

eight geometrical design variables. The computer program can assist a designer in 
producing efficient designs rapidly and easily. Two examples, one of which is available 

in the literature and the other is modified form of it, have been solved for minimum 

cross-sectional area designs and the results were found to be in good agreement. 
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1. Introduction 

Optimization is generally defined as the best condi-
tion. For prestressed concrete, the best condition can be 
defined as to find the minimum cross-section, minimum 
prestressing or minimum cost of a beam. Several analyt-
ical studies of optimum design of prestressed beams 
have been reported in the literature (Morris, 1978; Tay-
lor, 1987; Cohn and MacRae, 1983; Jones, 1984; Saouma 
and Murad, 1984; Birkeland, 1974; Fereig, 1994; Wang, 
1970; Kirsh, 1972). In these studies, linear programming 
methods and non-linear programming procedures such 
as gradient methods have been used as optimization 
techniques. However, the grid search optimization 
method, which is simple and effective for programming, 
has not been used for the optimization of prestressed 
concrete beams before. 

In the present study, a modified grid search optimiza-
tion method (Çağatay, 1996) has been applied to the pre-
stressed concrete beam. The advantages of the method 
can be defined as: with no restriction on the number and 
type of constraints on the design variables and stresses.  

The proposed method is applied to an example prob-
lem available in the literature and the results are in good 
agreement. 

 
A computer program has been developed employing the 

modified grid search optimization method, which can assist 
a designer in producing efficient designs rapidly and easily. 

2. Problem Formulation 

In general, most papers on prestressed concrete beam 
design and optimization deal with idealized I beam sec-
tion with six dimensions (Morris, 1978; Taylor, 1987; 
Cohn and MacRae, 1983; Jones, 1984) due to simplicity. 
But, here, the method has been formulated for a general 
I shaped cross-section with eight geometrical design var-
iables denoted by X1 through X8 as shown in Fig. 1. The 
variables X7 and X8 are calculated as a function of m, 
which is the slope of the top and bottom flanges of the 
cross-section, as shown in Fig. 1. 

If the m value is chosen to be zero, the cross-section of 
the beam turns into an idealized I-beam. Also, additional 
design variables X9 and X10 are considered, which repre-
sent the eccentricity and the prestressing force, respec-
tively. In the figure, Yt and Yb are the distances of the top 
and bottom fibers of the cross-section from the center of 
gravity of concrete section (c.g.c.), and h denotes the to-
tal depth of the cross-section.  

tel:+90-322-3386784
fax:+90-322-3386702
mailto:hcagatay@cu.edu.tr
http://dx.doi.org/10.20528/cjsmec.2015.06.017
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Fig. 1. Cross-section of general I-shaped PC beam. 

The objective function to be minimized is denoted by   
𝑓(𝑋) and the constraint functions by 𝑔𝑖(𝑋). The optimi-
zation problem can thus be defined as:   

Minimize 𝑓(𝑋) = 𝐴𝑝 (1) 

Subject to 𝑔𝑖(𝑋 ≤ 0) , ≥ 0 , (𝑖 = 1, 2, … , 𝑘) (2) 

where Ap is the cross-sectional area of prestressed con-
crete beam and k denotes the number of constraints. The 
aims of the objective function are to minimize both the 
cross-sectional area of prestressed concrete and find the 
minimum prestressing force corresponding to maximum 
eccentricity. To obtain the minimum prestressing force 
corresponding to maximum eccentricity, Magnel’s 
graphical method has been used (Magnel, 1948). 

The following constraints were considered for the op-
timization problem: flexural stresses, prestressing force 
and eccentricity, cross-sectional dimensions and ulti-
mate moment. 

2.1. Flexural stresses 

 There are two stages of loading to be considered. The 
first stage is at the transfer of prestressing force to the 
beam. For computing the flexural stresses at the top and 
bottom of the beam, following equations can be written:  

𝑓𝑡𝑡 =
𝑃

𝐴
−

𝑃 𝑒 𝑌𝑡

𝐼
+ 𝑓𝑡𝑑  , (3) 

𝑓𝑡𝑡 =
𝑃

𝐴
−

𝑃 𝑒 𝑌𝑏

𝐼
− 𝑓𝑏𝑑  , (4) 

where tt and tb are the flexural stresses at the top and 
bottom of the beam and P and e are the prestressing 
force and the eccentricity, respectively. I and A denote 
the gross second moment of area and the gross area of 
the cross-section, respectively. td and bd are the flexural 
stresses at the top and bottom of the beam due to the 
dead load. 
 The second stage is at the service condition when the 
beam carries live loads in addition to its own weight. The 
following equations can be written:  

𝑓𝑠𝑡 =
𝑃 𝛼

𝐴
−

𝑃 𝛼 𝑒 𝑌𝑡

𝐼
+ 𝑓𝑡𝑑 + 𝑓𝑡𝑙 , (5) 

𝑓𝑠𝑏 =
𝑃𝛼

𝐴
+

𝑃 𝛼 𝑒 𝑌𝑏

𝐼
− 𝑓𝑏𝑑 + 𝑓𝑏𝑙  , (6) 

where st and sb are the flexural stresses at the top and 
bottom of the beam, respectively; α is the loss factor; tl 
and bl are the stresses due to the live load at the top and 
bottom fibers, respectively. 
 The stresses computed by Eqs. (3-6) should not ex-
ceed the allowable stresses, which are specified in design 
codes. Rearranging Eqs. (3-6), and considering the al-
lowable stresses, the following inequalities are obtained:   

(−
1

𝐴
+

𝑒 𝑌𝑡

𝐼
)

1

(𝑓𝐼𝑇+𝑓𝑡𝑑)
≤

1

𝑃
 , (7) 

(
1

𝐴
+

𝑒 𝑌𝑏

𝐼
)

1

(𝑓𝐼𝐶+𝑓𝑏𝑑)
≤

1

𝑃
 , (8) 

(
1

𝐴
−

𝑒 𝑌𝑡

𝐼
)

𝛼

(𝑓𝐹𝐶−𝑓𝑡𝑑−𝑓𝑡𝑙)
≤

1

𝑃
 , (9) 

(
1

𝐴
+

𝑒 𝑌𝑏

𝐼
)

𝛼

(−𝑓𝐹𝑇+𝑓𝑏𝑑+𝑓𝑏𝑙)
≥

1

𝑃
 , (10) 

where fIT and fIC are the allowable tensile and compres-
sive stresses in the concrete at transfer condition and fFC 
and fFT are the allowable compressive and tensile stresses 
in the concrete at service condition, respectively. 

2.2. Prestressing force and eccentricity 

For the selection of prestressing force and eccen-
tricity, Magnel’s graphical technique (Magnel, 1948) has 
been used and the following inequalities are obtained:  

𝐸3 ≥ 𝐸1  , (11) 

𝐸4 ≥ 𝐸2  , (12) 

in which  

𝐸1 =
1

(𝑓𝐼𝑇+𝑓𝑡𝑑)
 , (13) 

𝐸2 =
1

(𝑓𝐼𝐶+𝑓𝑏𝑑)
 , (14) 

𝐸3 =
𝛼

(−𝑓𝐹𝐶+𝑓𝑡𝑑+𝑓𝑡𝑙)
 , (15) 

𝐸4 =
𝛼

(−𝑓𝐹𝑇+𝑓𝑏𝑑+𝑓𝑏𝑙)
 . (16) 

If Eqs. (11-12) are satisfied, and then the cross-sec-
tional area is adequate under the given loading condi-
tion. It is assumed that for maximum efficiency, the ec-
centricity takes its largest allowable value at mid-span 
(with minimum cover). Therefore,  

𝑒 ≤ 𝑌𝑏 − 𝑒𝑐𝑜𝑣𝑒𝑟  , (17) 

in which ecover is the required concrete cover. 
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2.3. Cross-sectional dimensions 

Aspect ratios of the web and flanges cannot exceed a 
prescribed limiting value without any conditions con-
cerning slenderness. This limit is presently taken as 8.0.  

Further constraints have also been introduced for the 
cross-sectional dimensions as follows:  

(𝑋𝑖)𝑚𝑖𝑛 ≤ 𝑋𝑖 ≤ (𝑋𝑖)𝑚𝑎𝑥    (𝑖 = 1, 2, … , 𝑛) , (18) 

where n is the number of variables.  

2.4. Ultimate moment 

Ultimate moment design is based on the solution of 
the equations of equilibrium, using the equivalent rec-
tangular stress block shown in Fig. 2. An equivalent rec-
tangular stress block is used with ease and without loss 

of accuracy to calculate the compressive force and hence 
the flexural moment strength of the section.  

Design requirement should meet the following condi-
tion:  

𝜙𝑀𝑛 ≥ 𝑀𝑢 , (19) 

where Mu is the applied factored moment at a section; ϕ 
is the strength reduction factor which is taken to be as 
0.9. 

 

3. Optimization Procedure 

The algorithm described below was developed by 
Çağatay (1996) and is a modification of the one given by 
Walsh (1975). This modified algorithm, which follows, is 
going to be used in this study.

 

 

Fig. 2. Assumed stress distribution in the cross-section of the beam at ultimate limit state.

The algorithm described below was developed by 
Çağatay (1996) and is a modification of the one given by 
Walsh (1975). This modified algorithm, which follows, is 
going to be used in this study. 
1. Start with the solution region defined by Eq. (18), in 
which 𝑋𝑖(𝑖 = 1,2, … , 𝑛), are the design variables, (Xi)min 
and (Xi)max are the minimum and maximum values of the 
corresponding variables, respectively. Take three values 
for each variable in the region, two of them at the ends 
and the third at the midpoint. Make a search for the op-
timum among all possible combinations of computation 
points, which satisfies the constraints. 
2. Reduce the solution region to half the width of the pre-
vious one. Take the range for each variable to be equal to 
half the range of the previous step, with two additional 
computation points on the two sides of the previous op-
timizing computation point while making sure to remain 
within the initial solution range. 
3. Repeat step 2 until the variable set is obtained with the 
desired accuracy. For the accuracy criterion, different 
options can be used; a fixed percentage accuracy for each 
variable or a percentage accuracy in the least squares 

sense, etc. In the present study, fixed percentage accu-
racy criterion has been employed. That is to say, compu-
tation is continued until  

𝜀𝑖 =
(𝑋𝑖)𝐾+1−(𝑋𝑖)𝐾

(𝑋𝑖)𝐾
 , (20) 

𝜀𝑖 ≤ (𝜀𝑖)𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦    (𝑖 = 1, 2, … , 𝑛) , (21) 

where 𝜀𝑖  and (𝜀𝑖)𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦  are the limits of the respective 
variables.  

 

4. Numerical Examples 

4.1. Example 1 

Design a simply supported beam of 16460 mm span 
subjected to an applied load of 23.34 kN/m. Assume the 
unit weight of concrete is 24 kN/m3, allowable stresses 
for compression are at transfer 16.55 MPa, at service 
15.51 MPa, those for tension are at transfer –1.31 MPa, 
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at service -2.93 MPa and loss factor is 0.85, 𝑓𝑐
′=34 MPa, 

fpu=1862 MPa, and 𝑒𝑐𝑜𝑣𝑒𝑟=50 mm. For this problem, also 
assume that, because of clearance requirements, the 
overall depth of the beam, h, cannot exceed 914.4 mm. 

This example was discussed first by Khachaturian and 
Gurfinkel (1969), and later by Taylor and Amirebrahimi 
(1987). The solutions and the comparison of the results 
are presented in Tables 1-2 and Table 3, respectively. 

Table 1. Variables, initial values and results for Example 1. 

Variables 
Minimum 

Values 
(mm) 

Maximum 
Values 
(mm) 

Initial  
Values 
(mm) 

Optimum 
Results 
(mm) 

X1 101.6 750.0 425.8 587.9 

X2 101.6 750.0 425.8 506.8 

X3 101.6 400.0 250.8 101.6 

X4 101.6 400.0 250.8 101.6 

X5 50.0 150.0 100.0 124.6 

X6 400.0 900.0 650.0 681.2 

Table 2. Optimum results, the stresses at transfer and 
service for Example 1. 

St
a

ge
 

Location 
Stress  
(MPa) 

Allowable 
Stress 
(MPa) 

P 

(kN) 

E 

(mm) 

Cross-sec-
tional area 

(mm2) 

T
ra

n
sf

er
 

Top -1.31 -1.31 

1424.0 409.7 192103.0 

Bottom 16.16 16.55 

Se
rv

ic
e

 

Top 15.51 15.51 

Bottom -2.93 -2.93 

Table 3. Comparison of the results. 

 
P 

(kN) 
E 

(mm) 
A 

(mm2) 

Khachaturian and 
Gurfinkel 

1650 360.6 219999 

Taylor and 
Amirebrahimi 

1673 370.8 205160 

This study 1424 409.7 192103 

 

As seen from Table 3, the program gives the minimum 
cross-sectional area and the minimum prestressing 
force. The cross-sectional area is found 14% less than 
the solution of Khachaturian and Gurfinkel (1969), and 
6% less than the solution given by Taylor and 
Amirebrahimi (1987). The overall depth of the beam is 
found to be 907.4 mm, which had to be less than 914.4 
mm. But, Taylor and Amirebrahimi (1987) obtained this 
value as exceeded the aforementioned constraint. 

In the present study, the prestressing force is found to 
be 15% less than the solution of Khachaturian and 
Gurfinkel (1969), and 17% less than the solution given 
by Taylor and Amirebrahimi (1987). 

4.2. Example 2 

This example has the same span and loading as Example 
1, but the cross-section has a general I shape as seen in Fig. 2. 

To obtain optimum solution, m is chosen in the range 
from 0 to 1.5. The optimum values are obtained when 
m=0.5. The cross-sectional area with eight dimensions is 
found to be 209158 mm2, which is 8% more than the so-
lution of idealized section considered in Example 1. The 
prestressing force is 1530 kN which is also 7% more 
than the value obtained for the idealized cross-section. 

Table 4. Optimum results for Example 2. 

X1 
(mm) 

X2 
(mm) 

X3 
(mm) 

X4 
(mm) 

X5 
(mm) 

X6 
(mm) 

X7 
(mm) 

X8 
(mm) 

P 
(kN) 

e 
(mm) 

Cross-
sectional 

area 
(mm2) 

5
0

6
.8

 

4
0

5
.5

 

1
0

1
.6

 

1
0

1
.6

 

1
4

3
.1

 

6
6

4
.6

 

1
0

3
.3

 

7
5

.9
 

1
5

3
0

 

4
0

1
 

2
0

9
1

5
8

 

 

5. Conclusions 

A computer program that is capable of finding the 
minimum weight of a prestressed concrete beam satisfy-
ing the given constraints including flexural stresses, 
cover requirement, the aspect ratios for top and bottom 
flanges and web part of a beam and ultimate moment, 
based on modified grid search optimization technique, is 
developed and evaluated. The computer program offers 
a rapid, practical, and interactive method for realizing 
optimum design of beams of general I sections. 

The program finds the optimum solution in a few iter-
ations. Thus, a considerable saving is obtained in compu-
tational work. The program has also graphical output, 
which indicates Magnel diagram with feasible region, 
which helps in determining the prestressing force and 
the eccentricity values.  

Two examples, one of which is available in the litera-
ture and the other is modified form of it, have been 
solved for minimum cross-sectional area designs and the 
results were found to be in good agreement. 

The idealized I beam section with six dimensions 
gives about 10% smaller value compared with general I-
shaped beam section with eight dimensions. In the case 
of general I section, taking 0.5 for the slope, m, yields the 
minimum cross-sectional area. 
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A B S T R A C T 

The design vertical loads on box culverts under embankments are commonly calcu-
lated using the soil-structure interaction factors (Fe) recommended by the American 

Society of Highway and Transportation Officials (AASHTO). Non-linear finite element 

analyses were used to update Fe given by AASHTO by considering the effects of back-

fill height, culvert stiffness, backfill material stiffness, backfill compaction, and the 

rigidity of the layer on which the culvert rests. A simplified reliability analysis was 

performed to determine the adequacy of safety level in AASHTO load resistance fac-

tor design (LRFD) code specifications. 
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1. Introduction 

Culverts are underground structures that are utilized 
to convey water, small vehicles, and utilities. Soil-struc-
ture interaction effects increase the complexity of stress 
distribution around culverts. The load that acts on the 
culvert may be influenced by the characteristics of the 
backfill and the in-situ material, the installation method-
ology, and the geometry and structural characteristics of 
the culvert itself. However, due to the large number of 
these structures that are being built for various pur-
poses, a relatively simple design procedure is required 
for analysis and design. 

Currently, the most common procedure to estimate 
design vertical loads on concrete box culverts is to use 
the soil-structure interaction factors recommended by 
the American Society of Highway and Transportation Of-
ficials (AASHTO). Based on the study by Akbaş and 
Yüksel (2007), this study examines the vertical loads on 
reinforced concrete box culverts under embankments 
using non-linear finite element analyses, considering the 
effects of backfill height, culvert stiffness, backfill mate-
rial stiffness, backfill compaction, and the rigidity of the 
layer on which the culvert rests. A simplified reliability 
analysis is then performed to determine the adequacy of 
safety level for culvert design using AASHTO load re-
sistance factor design (LRFD) code specifications. 

2. AASHTO Design Methodology 

According to the installation methodology, culverts 
can be classified as embankment or trench installations, 
with an embankment installation having its top project-
ing above the natural ground surface, and covered with 
an embankment. A trench installation is constructed in a 
narrow ditch such that its top is below the natural 
ground surface and then is covered with an embank-
ment. The behavior of these two installation types are 
quite different. In embankment installations, the relative 
settlement of the soil prism directly above the structure 
is usually less than that of the adjacent soil prisms, the 
layers of soil in the central prism are subjected to an arch 
shape deformation, and the earth pressure on the struc-
ture is increased, which is referred to as negative arching 
(Vaslestad et al., 1993). On the other hand, the relative 
settlement of soil prism directly above the structure is 
more than that of the adjacent soil prisms for the trench 
installations. Therefore, a reverse arch shape deformation 
occurs in the layers of soil in the central prism, and con-
sequently the earth pressure on the structure is reduced.  

Based on their stiffnesses, culverts can further be clas-
sified as rigid or flexible. Reinforced concrete box cul-
verts are typically considered to be rigid culverts, and 
are generally constructed using embankment installa-
tion methodology (Bennett et al., 2005).  
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For the design vertical loadings on cast-in-place or 
precast concrete box culverts, the current AASHTO LRFD 
bridge design specifications (AASHTO, 1998) and 
AASHTO standard specifications for highway bridges 
(AASHTO, 2002) use soil-structure interaction factors 
based on the method developed by Spangler (1947) and 
on the studies initiated by Marston in 1919 at Iowa State 
University. 

For embankment installations the soil-structure in-
teraction factor, which is equal to the ratio of the vertical 
load on the culvert to the weight of the soil prism directly 
above it, is determined as:   

𝐹𝑒 = 1 + 0.20
𝐻

𝐵
 , (1) 

in which Fe need not be taken greater than 1.15 for instal-
lations with compacted fill at the sides, and need not be 
taken greater than 1.4 for uncompacted fill at the sides. 
 

3. Finite Element Model and Its Verification 

A non-linear, two-dimensional, plane strain finite ele-
ment analysis of the concrete box culvert-soil system was 
conducted using the commercial finite element program 
PLAXIS. Soil behavior was represented by the Hardening-
Soil model, which is an advanced model for simulating 
both stiff and soft soil behavior (Schanz et al., 1999). The 
elements representing the culvert are based on Mindlin's 
beam theory and they allow for beam deflection due to 
both bending and shearing. Each node has three degrees 
of freedom per node: two translational and one rota-
tional. These elements can become plastic if a prescribed 
maximum bending moment or axial force is reached. 

Due to symmetry, for increased computational per-
formance, only the right-hand side of the soil-structure 
system was modeled. The domain was discretized using 
15-noded triangular soil elements with fourth order in-
terpolation for displacements and 5-noded beam culvert 
elements. A typical geometry and finite element mesh 
used in this study is shown in Fig. 1. There is a line of 
symmetry along the centre of the culvert and this was re-
placed by a rolling, rigid boundary. Rigid boundaries 
were located remote from the culvert, so as not to inter-
fere with failure mechanisms or affect the effective 
stresses in the deforming zone. The boundary conditions 
and fixities are also shown in Fig. 1.  

  

Fig. 1. Typical finite element mesh and boundary conditions. 

In order to assess the validity of the soil-structure sys-
tem modeling techniques and the accuracy of the finite 
element analysis results, a large-scale reinforced con-
crete box culvert tested by Dasgupta and Sengupta 
(1991) was reanalyzed. The details are given in Akbaş 
and Yüksel (2007). Both the comparison of top slab pres-
sures as shown in Table 1, and the maximum deflections 
suggest that the finite element model can successfully 
simulate the behavior of concrete culverts. 

Table 1. Undisturbed sample properties. 

Pressure 

Cell 

Dist. From 

Inner Face 

(mm) 

Measured 

Pressure 

(kPa) 

Calculated 

Pressure  

(kPa) 

A 50 72.0 74.1 

B 325 40.0 45.9 

C 600 25.0 25.0 

 

4. Updated Design Vertical Loads on Concrete Box 
Culverts 

In this section, for various conditions, the verified fi-
nite element model was used to estimate the design ver-
tical loads, which are calculated in terms of the soil-
structure interaction factor, Fe, on concrete box culverts. 
The change in the vertical design load with increasing fill 
height expressed as the dimensionless H/B, is shown in 
Fig. 2, along with the soil-structure interaction factors 
recommended by AASHTO. Note that for each case, the 
soil structure interaction factor was obtained by fitting a 
parabolic regression equation to the shear force distri-
bution of the top slab, and then by differentiating it to 
obtain the equivalent vertical load. The r2 value was ob-
tained to be bigger than 0.97 in all cases.  

The stiffness, i.e., the thickness of the culvert was var-
ied such that the maximum deflections obtained at the 
top slab are about 1/300 of the span. For reinforced con-
crete beam elements, the deflections are generally lim-
ited to values ranging from 1/1000 to 1/300 of the span, 
depending on the type and importance of the structure. 
Since structural integrity is the main issue for culverts, 
for this study, a limiting deflection of 1/300 of the span 
length was targeted in the analyses.  

 

Fig. 2. Effect of soil stiffness and compaction on Fe. 
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The initial analyses were performed with the soil con-
ditions specified in Dasgupta and Sengupta (1991), 
where the internal friction angle (ϕ’) was 30°, and the 
modulus (E) was 9000 kPa. For these conditions, as can 
be seen from Fig. 2, Fe can be specified as a constant 1.25 
for H/B values greater than 2. To determine the effect of 
soil stiffness on the vertical design load, the analyses 
were repeated with a much stiffer soil, with ϕ’=44°, and 
E=36000 kPa, respectively. It can be stated that these 
two soils span the usual range of conditions that can be 
encountered in practice. The results are also shown in 
Fig. 2. It can be seen that the effect of soil stiffness is min-
imal, and can be neglected for all practical purposes. 

The effect of compaction is also investigated. Compac-
tion not only increases the density of the soil but it also 
permanently increases the ratio of the horizontal to ver-
tical pressures. Thus, it produces an effect similar to that 
of overconsolidation. Sherif et al. (1984) presented data 
for the effect of compaction on the properties of Ottawa 
silica sand with ϕ’=32°, and horizontal to vertical stress 
ratio Ko=0.466. The Ko value becomes 0.69 for a compac-
tion effort which increases ϕ’ to 38°. Using the fact that 
the internal friction angle is not an effective parameter 
for Fe, and assuming a similar increase in Ko value for the 
soil specified in Dasgupta and Sengupta (1991), the anal-
yses were repeated for the compacted soil. The results 
are shown in Fig. 2. It can be seen that, although not by 
much, the effect of compaction is to reduce Fe. However, 
since it is difficult to quantify the effect of compaction, it 
is not recommended to use the reduced Fe, except for 
cases where compaction effort is rigorously measured. It 
can also be seen that the Fe values recommended by 
AASHTO for compacted side fills are unconservative 
even for compacted soil. 

Although a rare occasion, a solid rock layer can be en-
countered immediately under the concrete box culvert. 
AASHTO (2002) stipulates that a special soil-structure 
analysis is required for “unyielding” foundations. In this 
section Fe values are estimated for a concrete box culvert 
underlain by a rigid rock layer of modulus equal to that of 
concrete. The results are shown in Fig. 3. It can be seen 
that Fe values are much higher for culverts with unyielding 
or “rigid” bases than those with yielding or “non-rigid” ba-
ses. Also, for culverts with unyielding bases, soil-structure 
interaction factors increase as the backfill heights in-
crease. The results for culverts with unyielding bases are 
comparable to those obtained by Kim and Yoo (2005).  

 

Fig. 3. Effect of rigid base on Fe. 

Accordingly, Fe given by AASHTO were slightly modi-
fied as follows for culverts on a yielding base:  

𝐹𝑒 = 1 + 0.20
𝐻

𝐵
 , (2) 

in which Fe need not be taken greater than 1.18 for in-
stallations with compacted fill at the sides, and need not 
be taken greater than 1.25 for uncompacted fill at the 
sides. Also soil-structure interaction factors for culverts 
on unyielding bases are introduced:   

𝐹𝑒 = 1.242 + (
𝐻

𝐵
)

0.047

 . (3) 

5. Inherent Reliability in the AASHTO LRFD Code 

The safety levels in concrete box culverts designed by 
AASHTO LRFD code are estimated by a simplified relia-
bility analysis. Assuming that all random variables are 
log-normally distributed, the reliability index (β) can be 
calculated as:   

𝛽 =
𝑙𝑛 𝑅−𝑙𝑛 𝑄

𝐶𝑂𝑉𝑅
2+𝐶𝑂𝑉𝑅𝑄

2   , (4) 

in which R=resistance; Q=load; COV=coefficient of varia-
tion; and an overbar indicates a mean value. The re-
sistance is assumed to follow the same statistics as the 
moment of a reinforced concrete T-beam with a bias of 
1.14, and a COV of 13% (Nowak, 1995). The load is com-
posed of two components: the soil unit weight (γ), and 
Fe. The COV value for soil unit weight is given to be be-
tween 3% and 20% with a mean value of 9% by Phoon 
and Kulhawy (1999). γ can be assumed to have a bias of 
1.00 (Duncan, 2000). Assuming that the results obtained 
by FEM are perfectly accurate, the bias for Fe can be cal-
culated as the ratio of equations 2 or 3 to the value ob-
tained by AASHTO procedure. 

In LRFD, a load factor of 1.3 is used for the dead load, 
and a resistance reduction factor of 0.9 is used for flex-
ure. These should also be incorporated into the calcula-
tion of β. Note that a target reliability index of 3.5 was 
chosen for the development of the AASHTO LRFD code 
(Nowak, 1995). 

The obtained reliability indices (β) as a function of 
H/B are shown in Fig. 4 for culverts on yielding and un-
yielding bases designed against vertical loads using 
AASHTO procedure. For culverts on yielding bases, in-
herent design reliability is higher than the target relia-
bility except for very low values of H/B. The lowest β ob-
tained for these culverts are about 3.1. For culverts on 
unyielding bases inherent design reliability is lower than 
the target reliability for most values of H/B, with a mini-
mum value of about 2.9. 

Although for some values of H/B, AASHTO procedure 
results in lower reliability index values than the speci-
fied target reliability index of 3.5, the safety level can be 
considered to be adequate. A lower reliability index can 
be justified for culverts (Bennett et al., 2005). For most 
cases, failure of a culvert does not directly result in a life-
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safety problem although it might create serious eco-
nomic consequences. Even for more important struc-
tures such as certain bridge beams in service, Nowak 
(1995) reported reliability indices as low as 2.0. There-
fore the estimated β values above, with a minimum value 
of about 2.9 may be high enough.  

 

Fig. 4. Reliability indices for culverts designed by 
AASHTO procedure. 

Note that, in addition, if the load factor is increased 5%, 
following the AASHTO LRFD bridge design specification 
(AASHTO, 1998), where it is required that the buried struc-
tures be considered as nonredundant under earth fill, the 
minimum value of estimated β increases to 3.2. These facts 
combined with the general successful behavior of culverts 
in practice indicate that the current methodology results in 
designs with high enough safety levels. 

 

6. Conclusions 

Non-linear finite element analyses were used to up-
date the soil-structure interaction factors (Fe) for cul-
verts on yielding and unyielding bases. The effects of 
backfill height, culvert stiffness, backfill material stiff-
ness, and backfill compaction were considered. The re-

sults were then used to estimate the safety levels in con-
crete box culverts designed by the AASHTO LRFD code 
by a simplified reliability analysis. Although the obtained 
reliability index values for some cases are less than the 
target reliability index value of 3.5, it can be stated that, 
in general, the safety levels inherent in the culverts de-
signed by the AASHTO code are adequate. 
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A B S T R A C T 

Behavior of reinforced concrete beam cannot be captured by elastic damage models 
or elastic-plastic constitutive laws only. When these two models coupled, load deflec-

tion behavior of reinforced concrete can be observed through numerical modeling. 

Thus, using concrete damage plasticity approach in finite element modeling can lead 

researches for sufficient numerical results when compared to experimental tests. In 

order to determine the material damage model of concrete, some laboratory tests are 

required. This paper offers an equation for damage parameter to capture damage be-

havior. In addition, modeling strategies are developed by checking the model sensi-

tivity against mesh density, dilation angle and fracture energy of concrete. Finite el-

ement models are verified by three different experimental tests. In this study 

ABAQUS finite element software is employed to model reinforced concrete beam 
with concrete damage plasticity approach. This study shows that difference between 

the results from numerical models and experimental tests are in acceptable range. 
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1. Introduction 

Constitutive behavior of concrete is very difficult to 
capture by using elastic damage models or elastic plastic 
laws. In elastic damage model irreversible strains cannot 
be captured. It can be seen in Fig. 1(b) that a zero stress 
corresponds to a zero strain which makes damage value 
to be overestimated. On the other hand when elastic 
plastic relation is adopted the strain will be overesti-
mated since the unloading curve will follow the elastic 
slope (Fig. 1(c)). Concrete Damage Plasticity (CDP) 
model which combines these two approaches can cap-
ture the constitutive behavior of experimental unloading 
(Fig. 1(a)) (Jason et al., 2004). 

 

Fig. 1. Elastic plastic damage law (Jason et al., 2004). 

In this model two main failure mechanisms are as-
sumed: tensile cracking and compressive crushing of the 
concrete. The evolution of the yield surface is controlled 
by tensile and compressive equivalent plastic strains. In 
the following sections main assumptions about this 
model will be discussed in detail. In this study, develop-
ing a finite element model along with required parame-
ters is discussed. ABAQUS nonlinear finite element com-
mercial software package is employed. All the modeling 
parameters are validated by experimental results. 

 

2. Material Constitutive Behaviors 

Numerical models for the constituent material prop-
erties are described in this section. 

2.1. Concrete model 

CDP is one of the possible constitutive models to pre-
dict the constitutive behavior of concrete. It describes 
the constitutive behavior of concrete by introducing sca-
lar damage variables. Tensile and compressive response 
of concrete can be characterized by CDP in Fig. 2.  
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Fig. 2. Behavior of concrete under axial compressive (a) 
and tension(b) strength (Abaqus User Manual, 2008). 

As shown in Fig. 2, the unloaded response of concrete 
specimen seems to be weakened because the elastic stiff-
ness of the material appears to be damaged or degraded. 
The degradation of the elastic stiffness on the strain sof-
tening branch of the stress-strain curve is characterized 
by two damage variables, dt  and dc, which can take values 
from zero to one. Zero represents the undamaged mate-
rial where one represents total loss of strength (Abaqus 
User Manual, 2008). E0 is the initial (undamaged) elastic 
stiffness of the material and 𝜀𝑐

~𝑝𝑙
, 𝜀𝑡

~𝑝𝑙
,  𝜀𝑐

~𝑖𝑛 , 𝜀𝑡
~𝑖𝑛  are 

compressive plastic strain, tensile plastic strain, com-
pressive inelastic strain and tensile inelastic strain re-
spectively. The stress-strain relations under uniaxial 
tension and compression are taken into account in Eq. 
(1) and Eq. (2).  

𝜎𝑡  =  (1 − 𝑑𝑡) ∙ 𝐸0 ∙ (𝜀𝑡 − 𝜀𝑡
~𝑝𝑙

) , (1) 

𝜎𝑐  =  (1 − 𝑑𝑐) ∙ 𝐸0 ∙ (𝜀𝑐 − 𝜀𝑐
~𝑝𝑙

) . (2) 

Interface behavior between rebar and concrete is 
modeled by implementing tension stiffening in the con-
crete modeling to simulate load transfer across the 
cracks through the rebar. Tension stiffening also allows 
to model strain- softening behavior for cracked concrete. 
Thus it is necessary to define Tension stiffening in CDP 
model. ABAQUS allows us to specify Tension Stiffening 
by post failure stress-strain relation or by applying a 
fracture energy cracking criterion (Abaqus User Manual, 
2008).  

There is a mesh sensitivity problem when cracking 
failure in not distributed evenly. This phenomenon ex-
ists when there is no reinforcement in significant regions 
of the model. To overcome this unreasonable mesh sen-
sitivity problem Hillerborg’s (1976) fracture energy ap-
proach can be used instead of post failure stress-strain 
relation (Hillerborg et al., 1976). In this approach; the 
amount of energy (GF) which is required to open a unit 
area of crack is assumed as a material property. Thus; 
concrete’s brittle behavior is defined by stress-displace-
ment response rather than a stress-strain response. Spec-
ifying the post failure stress versus corresponding crack-
ing displacement is enough to describe this approach as 
shown in Fig. 3(a-b) (Abaqus User Manual, 2008). 

 

 

Fig. 3. Post failure stress-strain relation with fracture en-
ergy approach (Abaqus User Manual, 2008). 

As an alternative, GF can be implemented directly as a 
material property. However in this case, a linear loss of 
strength after cracking is assumed (Fig. 3(b)). From CDP 
perspective, ABAQUS automatically calculates both plas-
tic displacement values using the Eq. (3) and Eq. (4).   

𝑢𝑡
𝑝𝑙

 =  𝑢𝑡
𝑐𝑘 −

𝑑𝑡

(1−𝑑𝑡)

𝜎𝑡𝐼0

𝐸0
 , (3) 

𝜀𝑐
~𝑝𝑙

 =  𝜀𝑐
~𝑖𝑛 −

𝑑𝑐

(1−𝑑𝑐)
 

𝜎𝑐

𝐸0
 . (4) 

From these equations “effective” tensile and compres-
sive cohesion stresses (𝜎̅𝑡 , 𝜎̅𝑐) can be defined as:   

𝜎̅𝑡  =  
𝜎𝑡

(1−𝑑𝑡)
= 𝐸0(𝑢𝑡 − 𝑢𝑡

𝑝𝑙
) , (5) 

𝜎̅𝑐  =  
𝜎𝑐

(1−𝑑𝑐)
= 𝐸0(𝜀𝑐 − 𝜀𝑐

~𝑝𝑙
) . (6) 

The effective cohesion stresses determines the size of 
the yield (or failure) surface (see Fig. 4). In Abaqus the 
parameters required to define the yield surface consists 

(a) 

(b) 

(a) 

(b) 

http://pc-aktas:2080/v6.9/books/usb/pt05ch19s06abm38.html#concrete-uniaxial
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of four constitutive parameters. The Poisson’s ratio con-
trols the volume changes of concrete for stresses below 
the critical value which is the onset of inelastic behavior. 
Once the critical stress value is reached concrete exhibits 
an increase in plastic volume under pressure (Chen, 
1982). This behavior is taken into account by defining a 
parameter called the angle of dilation. In CDP model ψ is 
the dilation angle measured in the p-q plane at high con-
fining pressure and in this study it is determined with 
sensitivity analysis. ϵ is an eccentricity of the plastic po-
tential surface with default value of 0.1. The ratio of ini-
tial biaxial compressive yield stress to initial uniaxial 
compressive yield stress, σb0/σc0, with default value of 
1.16. Finally Kc is the ratio of the second stress invariant 
on the tensile meridian to compressive meridian at ini-
tial yield with default value of 2/3 (Abaqus User Manual, 
2008). The parameter Kc should be defined based on the 
full triaxial tests of concrete, moreover biaxial labora-
tory test is necessary to define the value of σb0/σc0. This 
paper does not discuss the identification procedure for 
parameters ϵ, σb0/σc0, and Kc because tests that are going 
to be verified in this study do not have such information. 
Thus, default values are accepted in this study. 

 

Fig. 4. Biaxial yield surface in CDP Model (Abaqus User 
Manual, 2008). 

2.1.1. Uniaxial tension and compression stress behavior of 

test model 

 
Since the compression and tension stress behavior of 

the experimental test specimens are not reported these 
relations are created by using mathematical models 
from literature. The compressive behavior of concrete is 
obtained by employing Hognestad probala along with 
linear descending branch. However the crushing of con-
crete is affected by the closed stirrups and some modifi-
cations are made for concrete in compression according 
to CEB-FIP MC90 (Fig. 5(a)) (CEB-FIB, 1993). Equation 
of the parabola is shown in Eq. (7) where σ is the com-
pressive stress, fcu is ultimate compressive stress, c* is 
the peak compressive strain, E is the elastic modulus and 
fc* is the modified compressive strength. Details of this 
model can be found in Arduini et al., 1997. 

𝜎 =  𝑓𝑐
∗ (

2𝜀

𝜀
− [

𝜀

𝜀𝑐
∗
]

2

) . (7) 

 

 

Fig. 5. Stress-strain behavior of concrete under uniaxial 
compression and tension a) Hognestad concrete com-

pressive behavior b) Bilinear tensile behavior. 

For tensile behavior of concrete, bilinear model is 
adopted as plotted in Fig. 5(b) (Coronado and Lopez, 
2006). Crack opening (wc) is calculated as a ratio of the 
total external energy supply (GF) per unit area required 
to create, propagate and fully break a Mode I crack in 
concrete. However; Mode I tensile fracture energy of 
concrete is defined as a function of the concrete com-
pressive strength, fc*, in CEB-FIP MC90 (CEB-FIB, 1993) 
as shown in Eq. (8). In this equation Gfo is a coefficient 
related to the maximum aggregate size (dmax). Several 
values are given in Table 1.  

𝐺𝐹 =  𝐺𝑓𝑜 (
𝑓𝑐

∗

10
)

0.7

 . (8) 

Table 1. Aggregate size-based fracture coefficients 
(Rots, 1988). 

Maximum aggregate size 

dmax (mm) 

Coefficient 

Gfo (J/m2) 

8 25 

16 30 

32 58 

 

Thus, uniaxial tension and compression stress behav-
ior are defined by using above mathematical models. 
These mathematical models are not enough to define 
CDP model. As mentioned above damage parameters are 
required to specify the CDP model. But these damage pa-
rameters are not reported for the experiments that are 
going to be verified in this study. Most of the reinforced 
concrete flexural test reports in the literature are also 

(a) 

(b) 
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missing this information. Because to define these dam-
age parameters, some laboratory tests in material level 
should be done in advance. In this study damage param-
eter for concrete compressive behavior is obtained from 
a verification problem given in ABAQUS verification 
manual. By applying curve fitting method to this example 
a third degree polynomial curve as in Eq. (9) is obtained 
for this corresponding damage parameter (Fig.  6(a)). 
Then the very same equation is applied to get the dam-
age parameter for the test cases that are going to be ver-
ified in this study. Also tension damage parameter is ob-
tained by following the same behavior of example mate-
rial given in ABAQUS verification manual (Fig. 6(b)).   

𝑦 = 2𝐸 + 0.6𝑥3 − 41740𝑥2 + 324. 𝑥 + 0.0052 . (9) 

   

 

Fig. 6. Compression and tension damage parameters 
used in the models a) Compression damage parameter  

b) Tension damage parameter. 

2.2. Uniaxial tension behavior of steel 

The stress–strain curve of the reinforcing bar is as-
sumed to be elastic perfectly plastic as shown in Fig. 7.  In 
this model material yields under constant load. The pa-
rameters needed to specify this behavior are the modulus 
of elasticity (Es), poisson ratio () and yield stress (fy). 

 

3. Verification Test Group 

Developing the finite element model strategies for re-
inforced concrete beam is verified by the experiment 
studies. A total of 3 beams with different mechanical 

properties from different researchers, were selected for 
verification purpose. All the beams are tested under four 
point load. Test layout and material properties for each 
experiment are given in Figure 8 and Table 2. All the de-
tails of Test Case 1, Test Case 2, and Test Case 3 can be 
found in Arduini et al. (1997), Benjeddou et al. (2007) 
and Sharif et al. (1994) respectively. 

 
Fig. 7. Elastic perfectly plastic model for steel reinforcing 

bars. 

 
Test Case 1 

  
Test Case 2 

  
Test Case 3 

Fig. 8. Layout of test beam (dimensions are mm). 

4. Finite Element Modeling 

The non-linear finite element software package, 
ABAQUS, is employed for numerical analysis. Since there 
is no computational expense all the beams are modeled 
with full geometry in 2 dimensions (Fig. 9). Steel bars are 
embedded in concrete with the same degrees of freedom 
which also means that there is a perfect bond between 
concrete and steel. The advantage of the embedded 
model is that it allows independent choice of the con-
crete mesh. Concrete is modeled by using four-noded 
plain strain element with reduced integration formula-
tion. Since first order elements use linear interpolation 
to obtain nodal displacements, the edges of these ele-
ments are unable to curve under bending resulting in 

y = 2E+06x3 - 41740x2 + 324.24x + 0.0052
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shear rather than bending deformation. This phenome-
non is known as shear locking (Abaqus User Manual, 
2008). To overcome this problem element with reduced 
integration formula is employed. All the beams are 

loaded by displacement control in the vertical direction. 
Finite element members and typical finite element mesh 
geometry employed in this study can be seen in Table 3 
and Fig. 9.

Table 2. Material properties of test beams. 

Test 

Case 

Beam 

Ref. No 

Width, Height, Shear 

span (mm) 

E 

(GPa) 

 

(-) 

fc' 

(MPa) 

fy (Rebar) 

(MPa) 

ft 

(MPa) 

dmax 

(mm) 

1 A1 200-200-2000 25 0.2 33 400 2.6 - 

2 CB1 120-150-1800 30 - 21 400 1.8 16 

3 P1 150-150-1180 27 - 37.7 450 - - 

Table 3. Finite element types. 

Material Description Code Additional information 

Concrete Four-noded plain strain CPE4R Reduced integration 

Steel Two-noded truss T2D2 Embedded 

 

Fig. 9. Typical finite element mesh of numerical models.

5. Results and Discussions 

5.1. Test Case 1 (Arduini et al., 1997) 

It is clear that, the finite element simulation is very ca-
pable of capturing the experimentally observed loading 
trends and magnitudes for the entire loading range. For 
this test case, models with finer mesh captures the test re-
sult better than the models with course mesh (Fig. 10(a)). 
The best result is obtained with 50 mm mesh. The value 
for dilation angle for reinforced concrete in literature is 

given as 30° (Lubliner et al., 1989). Based on this infor-
mation angle of dilation is varied to see the sensitivity of 
the results against it. Plots show that the results are not 
varying dramatically as the dilation angle changes (Fig. 
10(b)). The best result is observed at 37°. As discussed be-
fore GF depends on the diameter of aggregate (Eq. (8)). 
Since the aggregate diameter is not reported in test report 
this value is also changed to see how it affects the results. 
With the best results obtained from both mesh sensitivity 
and the dilation angle analysis, GF is calculated for differ-
ent aggregate diameter and result are plotted in Fig. 10(c).

     
 a) Mesh sensitivity b) Dilation angle sensitivity c) Fracture energy sensitivity 

Fig. 10. Numerical results for Test Case 1. 
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5.2. Test Case 2 (Benjeddou et al., 2007) 

Similar results are also observed in this test case. 
However; models with finer mesh has more rigid behav-
ior than models with course mesh. But still the difference 
is in the acceptable range. Also 50 mm mesh gives the 
best results as in Test Case 1 (Fig. 11(a)). Since it is found 

that the models are not dilation angle sensitive, in this 
model values for dilation angles are changed into 30° 
and 50° to seek for further different values. But still it is 
found that the behavior can be captured within the range 
of the dilation angle value reported in the literature (Fig. 
11(b)). Also it is clear from this test case that modeling 
is not very sensitive to GF value (Fig. 11(c)).

     
 a) Mesh sensitivity b) Dilation angle sensitivity c) Fracture energy sensitivity 

Fig. 11. Numerical results for Test Case 2.

5.3. Test Case 3 (Sharif et al., 1994) 

This test case gives different results from other test 
cases. In this model some of the material properties are 
not reported in the test report. For example; ft value is 
not reported in the test report. ft value is calculated ac-
cording to ACI (ACI 318, 1999). Unreported critical val-
ues such as elastic modulus, fc and ft change the results 
dramatically. But still the finite element simulation is 
capable of capturing the loading trends. In this case 

mesh with 25 mm captures the results of the experi-
ment (Fig. 12(a)). But mesh with 50 mm model gives 
unrealistic results. Authors think that this is much re-
lated to the unreported diameter value of aggregate. 
Because in this case, the results are also very sensitive 
to GF unlike other cases (Fig. 12(c)). The mesh should 
be selected with a dimension that should include the 
continuum properties of the material. Dilation angle of 
30° captures the best results in this test case (Fig. 
12(b)).

     
 a) Mesh sensitivity b) Dilation angle sensitivity c) Fracture energy sensitivity 

Fig. 12. Numerical results for Test Case 3.

Table 4 compares the experimental yield loads and 
deflections with those obtained from the finite element 
analysis for three test cases. As can be seen in Table 4, 
the predicted yield load and deflections for Test Case 1 
and Test Case 2 is nearly same with experimental results. 

However, yield load is %7 higher than experimental 
result for the Test Case 3. According to these results, 
proposed finite-element model proves its capability to 
accurately predict the load–deflection relationships of 
the reinforced concrete beams.             
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Table 4. Comparison of results. 

 

Test Case 1 

 

Test Case 2 

 

Test Case 3 

Yield Load 

(kN) 

Deflection 

(mm) 

Yield Load 

(kN) 

Deflection 

(mm) 

Yield Load 

(kN) 

Deflection 

(mm) 

Experiment 70 13.65  21.2 10  40 5.93 

Finite Element 70.9 13.64  21.4 9.4  42.8 5.95 

Numeric/Experiment 1.01 1.00  1.00 0.94  1.07 1.00 

 
 

6. Conclusions 

Three different experimental tests are verified by us-
ing modeling strategies explained in the previous sec-
tions. Results show that experimentally observed load-
ing trends and magnitudes for entire loading range of RC 
beams can be captured by employing CDP modeling ap-
proach. Basically mesh density, dilation angle and con-
crete fracture energy are calibrated to develop modeling 
strategies. It is obvious that if material properties and 
geometrical information about real test are given in de-
tail then numerical models give better results than those 
with missing information. Also this study proves that de-
fining damage parameters for compression behavior 
with proposed equation gives satisfactory results. But 
this equation can be improved with real test results for 
further investigations. 
 

REFERENCES 
 

ABAQUS (2008). User’s Manual, Version 6.8, Hibbitt, Karls-

son&Sorensen, Inc., Pawtucket, Rhode Island, USA. 
ACI 318-99 (1999). Building Code Requirements for Structural Con-

crete and Commentary. American Concrete Institute, Detroit, MI.  

Arduini M, Di Tommaso A, Nanni A (1997). Brittle failure in FRP 

plate and sheet bonded beams. ACI Structural Journal, 94 (4), 
363-70. 

Benjeddou O, Ouezdou BM, Bedday A (2007).  Damaged RC beams re-

paired by bonding of CFRP laminates. Construction and Building 
Materials, 21(6), 1301-1310.  

Chen WF (1982). Plasticity in Reinforced Concrete, XV. New York: 

McGraw-Hill, 474. 
Comite Euro-International du Beton (1993). CEB-FIP Model Code 

1990 (CEB-FIP MC90). Bulletin D’Information , No. 215, Lau-

sanne. 
Coronado CA, Lopez MM (2006). Sensitivity analysis of reinforced con-

crete beams strengthened with FRP laminates. Cement and Con-

crete Composites, 28(1), 102–114. 
Hillerborg A, Modeer M, Petersson PE (1976). Analysis of crack for-

mation and crack growth in concrete by means of fracture me-

chanics and finite elements. Cement and Concrete Research, 6, 
773–782.  

Jason L, Pijaudier-Cabot G, Huerta A, Ghavamian S (2004). Damage 

and plasticity for concrete behavior. European Congress on Com-
putational Methods in Applied Sciences and Engineering, 

Jyväskylä. 

Lubliner J, Oliver J, Oller S, Onate E (1989). Plastic-damage model for 
concrete. International Journal of Solids Structures, 25(3), 299–326. 

Rots JG (1988). Computational Modeling of Concrete Fracture. Ph.D. 

thesis, Delft University of Technology, Delft, Netherlands. 
Sharif A, Al-Sulaimani GJ, Basunbul IA, Baluch MH, Ghaleb BN (1994). 

Strengthening of initially loaded reinforced concrete beams using 

FRP plates. ACI Structural Journal, 91(2), 160-16.

 

http://www.sciencedirect.com/science/journal/09500618
http://www.sciencedirect.com/science/journal/09500618
http://www.sciencedirect.com/science?_ob=PublicationURL&_tockey=%23TOC%235702%232007%23999789993%23644014%23FLA%23&_cdi=5702&_pubType=J&_auth=y&_acct=C000050221&_version=1&_urlVersion=0&_userid=10&md5=8afd2196609269d130547d07c2ad77c4

