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A B S T R A C T 

The present work discusses a robust method developed for determination of mode I 
stress intensity factor (KI) of orthotropic laminates using a single strain gage and 

based on a three parameter strain series representation ahead of the crack tip. Ap-

propriate radial location of the strain gage ahead of the crack tip is important in the 

sense that strain gages placed either very near or very far from the crack tip might 

lead to inaccuracies in the estimated SIFs due to 3D effects near the crack tip or inac-

curate strain field representation at farther distances. The theoretical formulation 
has been presented for determination of angular location, orientation and the upper 

bound on the radial location (rmax) for pasting the strain gage which could be subse-

quently used for accurate determination of KI. Numerical simulations have been pre-

sented considering edge cracked [902/0]10S carbon-epoxy orthotropic laminates to 

illustrate the determination of rmax and KI of such laminates. 
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1. Introduction 

Fracture mechanics analyses of composite materials 
is essential due to the increasing use of these materials 
in many engineering applications. The concepts of linear 
elastic fracture mechanics (LEFM) of relevance to iso-
tropic materials have also been employed to composite 
materials after incorporating suitable provision to take 
care of the directional properties of such materials, the 
pioneering works towards which was started off by Ir-
win (1962) and Wu (1963). The effective application of 
LEFM in predicting and preventing fracture lies in the 
availability of accurate values of SIF, which is n LEFM pa-
rameter that decides whether an existing crack in a com-
ponent grows or not. Experimental determination of 
SIFs of cracked composite panels has raised substantial 
interest not only in complex situations but also to vali-
date the numerical and analytical results. Among the ex-
perimental techniques, the simplest and least expensive 
is the method of SIF determination using strain gages. 

In case of isotropic materials, a single strain gage tech-
nique proposed by Dally and Sanford (1987) was the first 
practical and feasible approach towards determination of 

mode I SIF (KI) of plane problems. The Dally and Sanford 
technique or popularly the DS technique is based on a 
three parameter representation of the strain field 
around the crack tip and necessitates a single strain gage 
oriented along a certain angle, ɸ and placed at a location 
decided by the angle, θ as shown in Fig. 1. The radial dis-
tance of the strain gage with respect to the crack tip also 
plays a very crucial role in ensuring the accuracy of the 
SIFs estimated using strain gages. Strain gages placed ei-
ther very near or very far from the crack tip might lead 
to inaccuracies in the estimated SIFs due to 3D effects, 
strain gradients near the crack tip or inaccurate strain 
field representation at farther distances. This issue was 
addressed for the first time by Sarangi and co-workers 
for isotropic materials (2010). They proposed a method-
ology to estimate the optimal location of a strain gage in 
association with the DS technique. 

For orthotropic materials, only recently Chakraborty 
et al. (2014) presented an extension of the DS technique 
in entirety for determination of KI. Suggestions for opti-
mal gage locations were also proposed employing a fi-
nite element based approach supported with proper 
theoretical formulations. Using the same technique, an    

tel:+91-361-2582666
fax:+91-361-2582699
mailto:chakra@iitg.ernet.in
http://dx.doi.org/10.20528/cjsmec.2016.09.024
http://cjsmec.challengejournal.com/


180 Chakraborty et al. / Challenge Journal of Structural Mechanics 2 (3) (2016) 179–184  

 

attempt has been made in the present work to determine (KI) of [902/0]10S   Carbon-epoxy laminates having an edge-
cracked configuration using numerical simulations. In addition, the influence of optimal gage locations on the accu-
racy of the estimated SIFs has also been studied using numerical analysis. 

 
Fig. 1. Location of a strain gage. 

2. Theoretical Background 

The single strain gage technique that has been developed for the determination of KI of orthotropic materials as an 
extension of the DS technique is presented here. Furthermore, the theoretical framework for estimating the optimal 
gage location has also been shown. For orthotropic materials, the normal strain component at a point  P(r,θ) along ϕ 
(refer Fig. 1) for plane stress conditions, taking into account a three parameter strain series representation can be 
written as 
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and 

tan 𝜃1 = (𝛽 + 𝛼) tan𝜃    ,     tan 𝜃2 = (𝛽 − 𝛼) tan𝜃   ,  

𝑟1
2 = 𝑟2(cos2𝜃 + (𝛽 + 𝛼)2sin2𝜃)     ,     𝑟2

2 = 𝑟2(cos2𝜃 + (𝛽 − 𝛼)2sin2𝜃) . (3) 

L and T represent the longitudinal and transverse direction of the laminate (Fig. 1) and E, v and G represent Young’s 
modulus, Poisson’s ratio and shear modulus respectively. The specific values of ϕ and θ for which the coefficients of 
the terms containing A1 and B0 become zero are obtained as 
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tan2𝜙 = −𝑎11 𝑎12 =⁄ 1 𝑣𝐿𝑇⁄  , (4) 
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respectively. Therefore, Eq. (1) may be rewritten using these values of θ and ϕ as 
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where C is a constant for a given value of θ, ϕ and material properties. From standard definition, the mode I SIF, (KI) 
can be obtained from the coefficient A0 as 

𝐾𝐼 = √2𝜋𝐴0 . (7) 

Now, taking logarithm on both sides of Eq. (6) we get 

ln(𝜀𝑥′𝑥′) = −
1

2
ln(𝑟) + ln(𝐶′) . (8) 

Eq. (8) represents a straight line between ln(𝜀𝑥′𝑥′) and ln(𝑟) with a slope of -0.5 and an intercept of ln(𝐶′). The 
straight line property remains up to a certain radial location from the crack tip (rmax)  and deviates beyond that as 
more than three parameters would be needed in Eq. (1) to estimate the 𝜀𝑥′𝑥′.  It has been reported earlier by Shukla 
et al. (1989) that for orthotropic materials 3D effects prevailed up to a radial distance equal the thickness of the plate 
from the crack tip. Therefore, the minimum radial distance (rmin)   for strain measurements on the free surface which 
are under plane stress conditions should be greater than the thickness of the plate. As a consequence, the optimal 
gage location for pasting a strain gage can be given as 

𝑟min(= thickness of plate, 𝑡) ≤ 𝑟 ≤ 𝑟max . (9) 

Thus, by placing a single strain gage as shown in Fig. 1 oriented at an angle of ϕ at a radial distance r within rmax   
from the crack tip along the gage line at an angle of θ, the measured strain 𝜀𝑥′𝑥′ can be used to obtain (KI) using Eqs. 
(6) and (7). 

 
 

3. Numerical Simulations 

An edge cracked [902/0]10S   carbon-epoxy laminate 
with b=100 mm, a/b=0.4, h/b=2 and material properties 
as EL= 67.77 GPa, ET=142.7 GPA, vLT=0.01, GLT=4.304 GPa 
subjected to uniform tensile stress (σ=100 MPa) is con-
sidered (Fig. 2(a)). Following the procedure described in 
Section 2, the values of ϕ and θ for which the coefficients 
B0 and A1 become zero are found to be 840 and 610 re-
spectively. Fig. 2(b) shows the analysis domain with 
boundary conditions used for the numerical analysis.  

Finite element analysis is carried out using ANSYS 14 
where, eight noded isoparametric elements (PLANE 
183) have been used for finite element discretization of 
the plate and quarter point elements (QPE) have been 
used around the crack-tip to model the √𝑟 singularity. 

Fig. 3(a) shows the typical finite element mesh consid-
ered after proper convergence study. The mesh has been 
designed such that the nodes of several elements are 
made to lie along the gage line which starts at the crack 
tip and terminates at the outer boundaries. According to 
the present technique, a single strain gage is to be placed 
at an appropriate location along the gage line and ori-
ented along ϕ within the estimated rmax for the configu-
ration in order to measure the linear strain 𝜀𝑥′𝑥′ . 

From the finite element results, the linear strain 𝜀𝑥′𝑥′  
and radial distance (r) are computed for all the nodes 
along the gage line. Fig. 3(b) gives the plot of ln(𝜀𝑥′𝑥′)  
versus ln(r) for all the nodal values along the gage line. 
Crack tip point is not plotted as the radius of this point is 
zero. It can be seen that the plot consists of a linear plot 
followed by a non-linear one as predicted by the theory. 
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The radial distance at which the plot changes from a lin-
ear to a non-linear one gives the value of rmax or the ex-
tent of the three parameter zone or the optimal radial lo-
cation for the particular configuration for pasting the 
strain gage. A line of slope -0.5 is superposed on the plot 
of ln(𝜀𝑥′𝑥′) versus ln(r) and considering this line to be 

the exact solution, absolute percentage relative error at 
all values of radius of this plot is calculated. Finally, rmax 
is estimated as the radius at which the error is less than 
1% (as one goes from right to left in Fig. 3(b)). The rmax 
for the configuration corresponding to the present prob-
lem is found to be 34 mm.

Fig. 2. (a) Orthotropic edge-cracked laminate; (b) Analysis domain for FEA. 

Fig. 3. (a) FE mesh of the laminate with a/b=0.5; (b) Plot of ln(𝜀𝑥′𝑥′) vs. ln(r) along the gage line.

The analytical value of mode I SIF of this configuration 
which will act as reference solution as per Tada et al. 
(2000) handbook is given by 

𝐾𝐼 = 𝑌𝐼(𝑎/𝑏)𝜎√𝑎 , (10) 

where σ is the applied stress, a is the crack length and YI 
is the specimen geometric factor given by 

𝑌𝐼 = 1.99 − 0.41(𝑎 𝑏⁄ )1.87(𝑎 𝑏⁄ )2 

−38.48(𝑎 𝑏⁄ )3 + 53.85(𝑎 𝑏⁄ )4 . (11) 

For this configuration with a/b of 0.5 and loaded at 
σ=100 MPa the reference value of KI is 52.8 MPa√𝑚. Ra-
dial locations are selected within the optimal locations 
and outside the simulated rmax (non-optimal locations) to 
establish the importance of radial positioning of the 
strain gage. Measured KI using Eqs. (6) and (7) from the 
strain readings at the selected radial locations are shown 
in Table 1. The percentage relative error in KI measured 
at those locations is computed as 

% Rel. error =
𝐾reference solution−𝐾measured or simulated

𝐾reference solution
× 100 . (12) 
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Table 1 also enlists the computed relative error at the 
select radial locations. Results in Table 1 clearly show 
that it is possible to accurately determine KI (error less 
than 2%) for an edge-cracked orthotropic laminate using 
a single strain gage if the gage is placed within rmax. On 
the other hand placing a strain gage outside rmax leads to 

highly inaccurate values of KI. These results substantiate 
that the present technique of determination of KI. Using 
a single strain gage can be used for accurate determina-
tion of KI for single ended cracked [902/0]10S carbon-
epoxy composite specimens if the gages are placed 
within the optimal locations.

Table 1. KI of the edge cracked [902/0]10S carbon-epoxy laminate at optimal and non-optimal positions. 

𝑟 (mm) 𝑟max = 34 mm
 

𝜀𝑥′𝑥′ 𝐾𝐼(MPa√𝑚) % Relative error 

20.08 optimal 1.57E-03 53.04 0.45 

25.18 optimal 1.38E-03 52.21 1.17 

42.53 non-optimal 9.13E-04 44.89 14.98 

50.19 non-optimal 7.11E-04 37.97 28.09 

 Influence of a/b on rmax 

In order to study the effect of a/b on rmax, edge cracked 
[902/0]10S carbon-epoxy laminates with a/b ranging 
from 0.1 to 0.8 are considered, the other specifications of 
which including the material properties are same as that 

have been used in the previous example. The plots of 
ln(𝜀𝑥′𝑥′) vs. ln(r) for the nodes along the gage line for all 
the edge-cracked laminates are shown in Fig. 4(a). Fol-
lowing the procedure used in the previous example, the 
rmax value estimated for all the configurations is shown 
in Table 2.

Table 2. Variation of rmax with a/b. 

a/b rmax rmax/b 

0.1 4.5 0.045 

0.2 7.8 0.078 

0.3 15.5 0.155 

0.4 34 0.34 

0.5 67 0.67 

0.6 19 0.19 

0.7 10.9 0.109 

Fig. 4. (a) ln(𝜀𝑥′𝑥′) vs. ln(r) with a/b =0.1 to 0.8; (b) Variation of rmax/b as a function of a/b.
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Variation of non-dimensional rmax/b as a function of 
a/b is shown in Fig. 4(b). It may be observed that the rmax 
increases initially with increase in a/b, with a gradual 
decrease at higher values of a/b. This may be due to the 
fact that at low values of a/b, crack length in the control-
ling parameter for changes in rmax. However, as the crack 
length increases, beyond a certain point, the boundary 
effects start having an impact on the rmax as the gage line 
proceeds very near to the gage line.  

 

4. Conclusions 

The single strain gage technique for the determina-
tion of mode I SIF of orthotropic laminates stands veri-
fied for the selected [902/0]10S carbon-epoxy edge 
cracked laminates. Numerical simulations show that ac-
curate values of KI can be obtained only for strain gage 
readings within the optimal gage locations and KI esti-
mated for the numerically estimated strains at the non-
optimal radial locations are erroneous. Furthermore, the 
optimal gage locations or rmax is found to be dependent 
on both the crack length and the nearness to the bound-
ary (boundary effects).  
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