
 

CHALLENGE JOURNAL OF STRUCTURAL MECHANICS 7 (3) (2021) 117–122 
 

 

 

 
* Corresponding author. Tel.: +90-312-589-6112 ; E-mail address: mdemiral@thk.edu.tr (M. Demiral) 

ISSN: 2149-8024 / DOI: https://doi.org/10.20528/cjsmec.2021.03.001 

Research Article 

A numerical study on influence of strain gradients  

on lattice rotation in micro-machining of a single crystal 

Murat Demiral a,* , Anish Roy b , Vadim V. Silberschmidt b  

a Department of Mechanical Engineering, University of Turkish Aeronautical Association, 06790 Ankara, Turkey  
b Wolfson School of Mechanical, Electrical and Manufacturing Engineering, Loughborough University, LE11 3TU, UK  

 

A B S T R A C T 

In latest years small scale machining has been widely used in advanced engineering 
applications such as medical and optical devices, micro- and nano-electro-mechani-

cal systems. In micromachining of metals, a depth of cut becomes usually smaller 

than an average crystal size of a polycrystalline structure; thus, the cutting process 

zone can be localized fully indoors of a single grain. Due to the crystallographic ani-

sotropy, development of small scale machining models accounting for crystal plastic-
ity are essential for a precise calculation of material removal under such circum-

stances. For this purpose, a 3D finite-element model of micro-cutting of a single grain 

was developed. A crystal-plasticity theory accounting for gradients of strain, imple-

mented in ABAQUS/Explicit via a user-defined material subroutine VUMAT, was used 

in the computations. The deformation-induced lattice rotations in micro-cutting of a 

single crystal were analyzed extensively. 
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1. Introduction 

In latest years small scale machining has become pop-
ular in manufacturing of components with sizes of sub-
millimeter or smaller used in advanced engineering ap-
plications such as medical and optical devices, micro- 
and nano-electro-mechanical systems. This process di-
verges significantly from conventional machining as un-
cut chip thickness is usually smaller than the crystal size 
of the sample; hence, instantaneous removal of the ma-
terial takes place entirely within a crystal level. Since sin-
gle crystals are strongly anisotropic in their mechanical 
behaviour, the cutting process naturally depends on 
crystallographic orientation as well as slip system and 
slip activity in single grain (Lee et al., 2000).  

Deformation-induced lattice rotations, i.e. a texture-
softening factor, reorientation or lattice spin, have at-
tracted attention in the micromachining community, 
since a close connection is present between crystallo-
graphic shear, the leading mechanism ruling the defor-
mation, and the resulting texture evolution (Zaafarani et 
al., 2006). A few researches characterized the observed 

phenomena using various techniques including non-de-
structive 3D electron backscattered diffraction (Lee et 
al., 2000), transmission electron microscopy (Lloyd et 
al., 2005) and 3D synchrotron diffraction method (Yang 
et al., 2004). Nahata et al. (2021) investigated the sub-
surface microstructure in terms of the lattice rotation, 
recrystallization and shear bands after micromachining 
of aluminum single crystal experimentally. Lee and Zhou 
(1993) accounted for the texture softening factor in their 
analytical micro plasticity model to understand chip for-
mation in micromachining.  

Due to intrinsic inhomogeneity of deformation field in 
small scale machining tests, evaluating the obtained data 
is not simple. The computational methods are often used 
alternatively to understand its underlying mechanics. 
For instance, Zahedi et al. (2013) used a 3D combined fi-
nite element (FE)-smoothed particle hydrodynamics 
crystal plasticity model to study the influence of crystal-
lography in machining of a copper single crystal. Simi-
larly, Wang et al. (2020) developed a 2D crystal plasticity 
FE model to investigate the chip profile and shear angle, 
as well as their dependence on crystallography. Demiral 
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et al. (2014a) investigated the effect of grain orientation 
on the behavior of a single crystal using a FE model in-
corporating the strain-gradient and crystal plasticity in 
the constitutive equations. However, in none of the 
above studies, the texture evolution during microm-
achining of a single crystal was studied comprehen-
sively. 

 In this study, a three dimensional finite-element 
study of micro-machining of a b.c.c. single crystal is per-
formed. The role of strain gradients due to inhomogene-
ous plastic deformation in small scales on the response 
of the structure cannot be ignored; thus, they are consid-
ered in the constitutive equations. Their effects on the 
spin of the crystalline lattice and resulting deformation 
patterns are presented. 

This paper is divided into five sections. Section 2 in-
troduces the constitutive equations of the theory used in 
the simulations. Section 3 describes the details of the de-
veloped FE model. Section 4 shows the obtained results 
with their associated discussions. Section 5 presents the 
concluding remarks of the study. 

 

2. Theory 

In the simulations, an enhanced modelling scheme for 
a strain-gradient crystal-plasticity (EMSGCP) theory re-
ported in Demiral et al. (2017) was used. In the follow-
ing, a dot superposed on a symbol indicates a material 
time derivative and a bold symbol denotes a vector or a 
tensor. The constitutive equations are summarized as 
follows: 

Elastic (𝐹𝑒) and plastic (𝐹𝑝) parts are the components 
of the deformation gradient 𝐹 according to Eq. (1).  

𝐹 = 𝐹𝑒𝐹𝑝 (1) 

The following flow equation rules the evolution of 𝐹𝑝 

𝐹̇𝑝 = 𝐿𝑝𝐹𝑝 (2) 

where 𝐿𝑝 , the plastic velocity gradient,  is expressed as 

𝐿𝑝 = ∑ 𝛾̇𝛼𝑠𝛼 ⊗𝑁
𝛼=1 𝑚𝛼 (3) 

In Eq. (3),  𝛾̇𝛼 is the shearing rate on the slip system α. 
𝑠𝛼 and 𝑚𝛼  are the slip direction and the slip-plane nor-
mal, respectively. A power-law representation is used 
for 𝛾̇𝛼 , as 

𝛾̇𝛼 = 𝛾̇0
𝛼 𝑠𝑔𝑛 (𝜏𝛼 ) |

𝜏𝛼

𝑔𝑇
𝛼|

𝑛

 (4) 

Here 𝛾̇0
𝛼  is the reference strain rate, 𝜏𝛼  is the resolved 

shear stress, n is the material constant related to its rate-
sensitivity, 𝑔𝑇

𝛼  represents the strength of the slip system 
α at the instant time, and sgn(𝜞) is the signum function 
of 𝜞.  

In this model, the critical resolved shear stress (𝑔𝑇
𝛼|𝑡=0) 

is ruled by the initial strength of slip systems associated 
with statistically stored densities (SSDs) (𝑔𝑆

𝛼|𝑡=0) and ge- 

ometrically necessary dislocations (GNDs) (𝑔𝐺
𝛼|𝑡=0). They 

are related to initial SSD (𝜌𝑆 |𝑡=0) and GND (𝜌𝐺|𝑡=0 ) densi-
ties, respectively, via the constant, K: 

𝑔𝑇
𝛼|𝑡=0 = √(𝑔𝑆

𝛼|𝑡=0)2 + (𝑔𝐺
𝛼|𝑡=0)2 (a)  

𝑔𝑆
𝛼|𝑡=0 = 𝐾√𝜌𝑠 |𝑡=0 (b) (5) 

𝑔𝐺
𝛼|𝑡=0 = 𝐾√𝜌𝐺|𝑡=0 = 𝐾√𝜌|𝑡=0(𝑆 𝑉⁄̅̅ ̅̅ ̅)

2
 (c)  

The GND density term considered the normalized sur-

face-to-volume (𝑆 𝑉⁄̅̅ ̅̅ ̅) ratio of the component (Demiral et 
al., 2017). The slip strength during loading progresses 
due to SSDs (∆𝑔𝑆

𝛼) and GNDs (∆𝑔𝐺
𝛼) on the slip system as 

follows: 

𝑔𝑇
𝛼 = 𝑔𝑇

𝛼|𝑡=0 + √(∆𝑔𝑆
𝛼)2 + (∆𝑔𝑃

𝛼)2 (a)  

∆𝑔𝑆
𝛼 = ∑ ℎ𝛼𝛽∆𝛾𝛽𝑁

𝛽=1  (b) (6) 

∆𝑔𝐺
𝛼 = 𝛼𝑇𝜇√𝑏𝑛𝐺

𝛼 (c)  

where ℎ𝛼𝛽  is the slip-hardening modulus, 𝛼T, 𝜇, b and 𝑛𝐺
𝛼 

represent the Taylor coefficient, the modulus of shear, 
the Burgers vector and the effective density of GNDs, re-
spectively. The following hardening model was used to 
calculate ℎ𝛼𝛽: 

ℎ𝛼𝛽 = 𝑞ℎ𝛼𝛼(𝛼 ≠ 𝛽) (a)  

ℎ𝛼𝛼 = ℎ0 𝑠𝑒𝑐ℎ2  |
ℎ0𝛾̃

𝑔𝑇
𝛼|𝑠𝑎𝑡−𝑔𝑇

𝛼|𝑡=0
| (b) (7) 

𝛾̃ = ∑ ∫ |𝛾̇𝛼|𝑑𝑡 
𝑡

0𝛼  (c)  

where ℎ0 denotes the initial hardening parameter, 𝛾̃  is 
the cumulative shear strain on all slip systems, 𝑔𝑇

𝛼|sat is 
the saturation stress of the slip system α, q is the latent 
hardening ratio, considered to be 1. The effective GND 
density (𝑛𝐺

𝛼) equals to:   

𝑛𝐺
𝛼 = |𝑚𝛼 × ∑ 𝑠𝛼𝛽 𝛻𝛾𝛽

𝛽 × 𝑚𝛽| (8) 

Here 𝑠𝛼𝛽 = 𝑠𝛼 . 𝑠𝛽  and ∇𝛾𝛽  represents the gradient of 
shear strain for each slip system. In an enhanced model 
of crystal-plasticity (EMCP), ∆𝑔𝐺

𝛼 disappears as it does 
not consider the evolving GNDs. The models were imple-
mented in the FE software ABAQUS/Explicit via the user-
defined material subroutine (VUMAT) (Demiral et al., 
2016). 

In this study, the micro-machining of a single crystal 
β-brass having a b.c.c. crystalline structure is investi-
gated. The active slip systems for this structure are 
{110}<111> (Ueda et al., 1980); thus, only this slip sys-
tem set -among three potential system in b.c.c. materials- 
was activated in the computations. The respective planes 
and directions of the systems are presented in Table 1. 
Material constants and model parameters used in the 
simulations are given in Table 2.  
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Table 1. The planes and directions of slip systems for {110} <111> set 

System Plane Direction 

1 (  0  1  1 ) [  1 -1  1 ] 

2 (  0  1  1 ) [  1  1 -1 ] 

3 (  1  0  1 ) [ -1  1  1 ] 

4 (  1  0  1 ) [  1  1 -1 ] 

5 (  1  1  0 ) [ -1  1  1 ] 

6 (  1  1  0 )           [  1 -1  1 ] 

7 (  0 -1  1 ) [  1  1  1 ] 

8 (  0 -1  1 )           [ -1  1  1 ] 

9 (  1  0 -1 )           [  1  1  1 ] 

10 (  1  0 -1 )           [  1 -1  1 ] 

11 ( -1  1  0 )           [  1  1  1 ] 

12 ( -1  1  0 )           [  1  1 -1 ] 

Table 2. Material and model parameters used in simulations  
(Demiral et al., 2014a; Jona et al., 2001; Jia et al., 2012; Beyerlein et al., 2011). 

Elastic properties Density and damping parameters 

C11 (GPa) C12 (GPa) C44 (GPa) ρ (kg m-3) 
Linear bulk  

viscosity 
Quadratic bulk  

viscosity 

131.0 115.0 92.0 8500 0.06 1.2 
  

Plastic properties 

𝛾0̇
𝛼  (s-1) n q ℎ0  (MPa) 𝑔𝑇

𝛼 |sat  (MPa) 𝛼T 

10-3 20 1 294 60 0.8 

K (MPa mm) 𝜇 (GPa) b (mm) 𝜌𝑆|𝑡=0 (mm-2) 𝜌|𝑡=0 (mm-2) 𝑆 𝑉⁄̅̅ ̅̅ ̅ 

0.04 27.12 2.56×10-7 6.8 105 5.0 104 4.36  
 

3. Finite Element Modelling of Micro-cutting 

The FE modellings of structures have been widely used 
in the literature to investigate their responses when sub-
jected to complex loading conditions (Ercan et al., 2015). 
Especially, the chip formation of a single crystal in micro-
cutting process is multifaceted, where the crystal struc-
ture, crystal orientation and cutting direction play an im-
portant role in the formation of the chip. Its numerical 
model was developed. Details of the developed FE model 
simulating the orthogonal micro-cutting is shown in Fig. 
1. The dimensions of the modelled part of a single-crystal 
workpiece were: length l = 20 μm, height h = 20 μm and 
width w = 0.48 μm. The sample was discretized using 
eight-node linear brick elements (C3D8) with a minimum 
element size of 60 nm in the process zone (resulted in 
29600 elements). The rigid cutting tool was moving with 
a velocity of 1300 mm/s in the cutting direction (CD, 
[abc] in Fig. 1) (Demiral et al., 2014a). Its rake and clear-
ance angles are both 0°. While, the depth of cut (ap) 
equalled to 0.8 μm, the maximum cutting length was 1.20 
μm. They were selected to ensure the formation of a chip. 
An element-deletion technique available in ABAQUS/Ex-
plicit (2013) was employed in our cutting simulations. A 
failure criterion based on the Taylor cumulative shear 
strain with a threshold value of 3.0 (represents the onset 
of damage) was used to delete the elements (Demiral et 
al., 2014a). Friction between the contacting bodies was 
ignored in the simulations (Demiral et al., 2014b). 

 

Fig. 1. Details of the developed FE model  
for micro-cutting of single-crystal β-brass. 
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4. Results and Discussion 

In this section, the results from the numerical compu-
tations of micro-cutting of single-crystal β-brass are pre-
sented. To evaluate the influence of rotation angle θ for 
a grain with the [101] axis aligned with the observation 
direction (OD, [ghi] in Fig. 1) on the lattice rotations, 
three cutting directions, namely θ = 0°, 35° and 90°, were 
considered. The respective values are listed in Table 3. 

Table 3. Orientations CD ([abc]) and CP ([def])  
for various θ values for [1 0 1] axis aligned with the OD 

(see Fig. 1) 

θ 0° 35° 90° 

[abc] [0 -1 0] [-0.990 -2 0.990] [-1 0 1] 

[def] [-1 0 1] [-1 0.990 1] [0 1 0] 

 

Crystal reorientation in the workpiece material for 
the grain orientations analyzed is shown in Fig. 2. Here, 
lattice rotations about the OD-axis are compared. First, 
the lattice spin, i.e. induced lattice rotation, were distrib-
uted in the chip in a significantly different way for the 
cases investigated. It was observed that its magnitude 
was largest for θ = 90°, reaching some 65°, and smallest 
for θ = 0° with a maximum value of around 25°. It was 
found that while at θ = 35°, 90° the texture evolved in the 
chip in both positive and negative directions, at θ = 0° 
this occurred only in the negative direction. Dashed lines 
in Fig. 2 separate the regions with positive and negative 
lattice rotations in the deformed zone (representing the 
formation of a chip). In both orientations, for θ = 35°, 90°, 
crystal reorientation occurs in the opposite directions in 
the upper region of the chip and in the lower part. While 
the boundary between them is nearly vertical for θ = 35°, 
it is more horizontal for θ = 90°.

 
Fig. 2. Lattice rotation angles with their signs obtained by FE simulations of micro-machining at cutting length  

of 1.20 μm for various crystallographic orientations (Dashed line separates the regions in the chip  
with positive and negative lattice rotations).

There is a tight link between crystallographic shear, 
the key mechanism leading the deformation through slip 
systems, and the resulting grain reorientation. In con-
nection with this, to understand the differences in the 
characteristics of the lattice rotations depending on the 
rotation angle θ, the role of activated slip systems was 
scrutinized. Fig. 3 presents a spatial 3D distribution of 
individual shear strain values on the active slip systems 
for θ = 90° of [1 0 1]. It was observed that slip systems 2, 
5, 8, 9, 10 and 12 accommodated the overall shear in the 
workpiece, where the second/twelfth slip systems were 
the most active ones followed by the fifth/eighth sys-
tems and ninth/tenth systems in a row. The contribu-
tions of other slip systems were negligibly small; thus, 
they were not presented in Fig. 3.  

The comparative individual contributions of various 
slip systems in the region of workpiece with higher shear 
activity (𝛾̃ larger than 0.05) for different θ values are 
presented in Fig. 4. It was noticed that, there existed only 
4 active slip systems for θ = 0° with 5th and 8th systems 
carried around 62.6% of the overall shearing while the 
2nd and 12th carried more than 30%. When θ was 
changed into 35°, significant changes were noted. The 

most dominant slip systems for θ = 0°, 5th and 8th, be-
came less active with just 6.31% contribution for each, 
whereas the 9th and 10th systems took over their role 
involving in more than 50% of the total deformation. The 
activity of 2nd and 12th systems remained constant. 
Consequently, there were 6 slip systems ruling the de-
formation for θ = 35° as well as for θ = 90°, as explained 
above. Overall, the 9th and 10th systems did not partici-
pate in ruling the deformation for θ = 0°, whereas they 
were contributing significantly and non-negligibly for θ 
= 35° and 90°, respectively. These two slip systems 
seemed to be responsible for the sign change of the lat-
tice rotations for the orientations with non-zero rotation 
angles observed above. Furthermore, the difference in 
terms of the active slip systems for different cutting di-
rections affected chip morphology as observed in Fig. 2 
(Demiral et al., 2014a; 2016). 

The calculated magnitudes of shear angle for the cases 
investigated were 44°, 55° and 38° for θ = 0°, 35°, 90°, 
respectively (see Fig. 2). In ultra-precision machining, a 
continuous chip formation and good surface finish can 
be achieved for a chip having a larger shear angle (Lee, 
1990). In connection with this, θ = 35° is preferable 

Lattice Rotations (°) 

θ = 0° θ = 35° θ = 90° 

A 

B 
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among the cutting directions considered here in small 
scale cutting of brass single crystals for an enhanced 
surface finish.     

FE simulations for θ = 90° were also performed using 
the EMCP theory. Compared to it, the EMSGCP theory 
exemplifies the involvement of strain gradients and 
their progress in an inhomogeneous cutting process. 
Lattice rotations along the path A-B in Fig. 2 is pre-
sented in Fig. 5 for the two theories. It was observed 

that the lattice spin had a larger variation on the chosen 
path when the EMCP theory was used. Since defor-
mation-induced incompatibility in the lattice spin for a 
material point can be accommodated by GNDs in the 
EMSGCP theory, the distributions of lattice rotations 
are smoother when compared to that for the EMCP the-
ory as expected for a physically reasonable strain-gra-
dient theory (Niordson and Hutchinson, 2003; Demiral 
et al., 2014b).

 

 

   

2nd and 12th 5th and 8th 9th and 10th 

Fig. 3. Distributions of shear strains for different active slip systems on the single crystal workpiece  
at cutting length of 1.2 μm for θ = 90°. 

 
Fig. 4. Individual contributions of different slip systems (in %) on the workpiece material points  

with 𝛾̃ larger than 0.05 for different θ values. 

 
Fig. 5. Lattice rotation along path A–B in Fig. 2 at cutting length of 1.20 μm for θ = 90  

from numerical computations using different theories.  
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5. Conclusions 

The properties of final products are dependent on the 
resultant texture. Understanding the establishment and 
progress of deformation texture can provide theoretical 
insight for texture control, thus enhancing properties of 
the material. In connection with this, in this paper, the 
reorientation of crystals in the brass single crystal in mi-
cro-machining for different grain orientations was scru-
tinized using an advanced model. Our study confirmed 
the following conclusions: 
• The patterns of lattice spins varied significantly for 

the cutting directions investigated. While both posi-
tive and negative lattice rotations in the chip were ob-
served for θ = 35°, 90°, they were only negative for θ 
= 0°.  

• The contributions of different slip systems were ob-
served to be different for different orientations of a 
single crystal. That affected the magnitudes and sign 
change in the lattice spin as well as the resulting chip 
morphology.     

• A smoother distribution of lattice spins was obtained 
using the EMSGCP compared to the EMCP theory. 
In the future, the model will be further developed to 

investigate the texture evolution in micro-machining of 
polycrystalline samples. 
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